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CHAPTER 1. CONVEX SETS

1.1. Let f: R" — R be differentiable and consider the following problem:
min x

st. veCCR"
In the special case where C' = R", the minimizers of f (if any) will occur at the critical

points of f, namely at x € R™ such that V f(z) = 0. This is known as the Fermat’s rule.

1.2. In this course, we will discuss and learn convexity of sets and functions and how
we can approach problem (P) in the more general settings of:

1. absence of differentiability of the function f, where f is convex, and/or
2. @ # C C R", where C' is convex.



CHAPTER 1. CONVEX SETS

Section 1. Affine Sets

1.3. Geometrically speaking, a subset S C R" is affine if the line' joining any two
points from S lies completely in S. The intuitive picture of an affine space is an endless
uncurved structure, like a line or a plane in space.

1.4. Definition: Let S C R". Then

e Sisan affine set if \x + (1 — \)y € S for all z,y € S and A € R.
e S is an affine subspace if it is a non-empty affine set.

e The affine hull of S, denoted by aff(.S), is the intersection of all affine sets containing
S. Equivalently, it is the smallest affine set containing S.

1.5. Intuition: Let’s first try to compare and contrast affine spaces with linear spaces.
In an affine space, there is no distinguished point that serves as an origin. Hence, no vector
has a fixed origin and no vector can be uniquely associated to a point. In an affine space,
there are instead displacement vectors or translation vectors between two points of the space.
Thus, it makes sense to subtract two points of the space, giving an translation vector, but
it does not make sense to add two points of the space. Likewise, it makes sense to add a
displacement vector to a point of an affine space, resulting in a new point translated from
the starting point by that vector.

1.6. (Cont’d): Any vector space is an affine space after you've forgotten which point
is the origin. In this case, the elements of the vector space may be viewed either as points of
the affine space or as translations. Adding a fixed vector to the elements of a linear subspace
of a vector space produces an affine subspace. We can say that this affine subspace has be
obtained by translating (away from the origin) the linear subspace by the translation vector.

1.7. Example: Some elementary examples of affine sets in R™:

1. L, where L C R" is a linear subspace.
2. a+ L, where a € R" and L C R" is a linear subspace.

3. @ and R" are extreme affine sets of R™.

1.8. Example: The half-plane X = {(z1,22) | z2 < 0} is NOT a affine set, because
(0,0),(—1,0) € X but the line ¢ connecting (0,0) and (—1,0) is not completely included in
X (as the upper half of ¢ is not in X).

!Not line segment! That is for convex sets.
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1.9. Theorem: The linear subspaces of R™ are the affine sets which contain the origin.

Proof. Every subspace contains 0 and, being closed under addition and scalar multiplication,
is in particular an affine set. Conversely, suppose M is an affine set containing 0. For any
r € M and X € R, we have

A= (1—=X)0+ Iz € M,

so M is closed under scalar multiplication. Now, if x,y € M, we have

1 1 1 1
§(x+y):§w+<1—§)y€]\/[ = x+y:2~§(x+y)€M.

Thus, M is also closed under addition. It follows that M is a linear subspace. 0

1.10. Recall the concepts of translation and parallelism from elementary geometry. We
here define them mathematically. Note this definition of parallelism is more restrictive than
the everyday one, in that it does not include the idea of a line being parallel to a plane. As
noted below, two affine sets that are parallel to each other must have the same dimension.

1.11. Definition: For M C R" and a € R", the translation of M by a is defined as
M+a={rx+a|xe M}

The vector a is called the displacement vector or translation vector.

1.12. Definition: Two affine sets M, M’ C R" are said to be parallel to each other if
M'" = M + a for some a € R"™. This defines an equivalence relation on the collection of affine
subsets of R™.

1.13. It should be easy to see that any non-empty affine set S (think: a plane in R3) is
parallel to a unique linear subspace L (think: translating the plane to include the origin).

1.14. Theorem: FEvery non-empty affine set M is parallel to a unique subspace L given by
L=M-M={z—-y|z,ye M}

Proof. We first show uniqueness. Two subspaces L; and Ly both parallel to M would be
parallel to each other, so that Ly = L; + a for some a € R". Since 0 € Ly, we then have
—a =0—a € Ly and hence a € L;. But then L; O Ly +a = L,. By a similar argument,
Ly O Ly, so Ly = Ly. Now observe that, for any y € M, M —y = M + (—y) is a translation
of M containing 0. By Theorem 1.9 and what we have just proved, this affine set must be the
unique subspace L parallel to M. Since L = M —y no matter which y € M is chosen (indeed,
translating M by any y € M guarantees the resulting set contains the origin 0 = y — ), we
actually have L = M — M. ([l

1.15. Definition: The dimension of a non-empty affine set is defined as the dimension
of the linear subspace parallel to it. (The dimension of @ is —1 by convention.)
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1.16. Remark: Naturally, affine sets of dimension 0, 1, and 2 are called points, lines,
and planes, respectively. An (n — 1)-dimensional affine set in R™ is called a hyperplane.

1.17. Motivation: Affine sets may be represented by linear functions and linear equa-
tions. Given a linear subspace L of R", the set of vectors z such that x L L (ie., z L y
for all y € L) is called the orthogonal complement of L, denoted L+, which is another
subspace and satisfies dim L + dim L+ = n. If by,...,b,, is a basis for L, then z L L is
equivalent to the condition that = L by,...,x L b,. In particular, the (n — 1)-dimensional
subspace of R"™ are the orthogonal complements of the one-dimensional subspaces, which
are the subspaces L having a basis consisting of a single non-zero vector b (unique up to a
non-zero scalar multiple). Thus, the (n — 1)-dimensional subspaces are the sets of the form
{z | x L b} where b # 0. The hyperplanes are translations of these: for any translation
vector a € R",

{z|zLbt+a={x+al(zx,b) =0}
={ylw—ab) =0} ={y|{y,b) =5},

where 3 = (a,b). This leads to the following characterization of hyperplanes.

1.18. Theorem: Given € R and a non-zero vector b € R", the set
H={zeR"|(x,b) =8} CR"

1s a hyperplane in R™. Moreover, every hyperplane may be represented in this way, with b
and B unique up to a common non-zero multiple.

1.19. Remark: The vector b in Theorem 1.18 is called a normal to the hyperplane H.
Every other normal to H is a non-zero scalar multiple of b. A good interpretation of this is
that every hyperplane has “two sides”.
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Section 2. Convex Sets

1.20. A subset C' C R" is convex if the line segment joining any two points from C' lies
completely in C. Intuitively, this means the set is connected (so that you can travel between
any two points without leaving the set) and has no dents in its perimeter.

1.21. Definition: The set C' C R" is convex if \x + (1 — \)y € C for all z,y € C and
A e (0,1).

1.22. Example: Halfspaces are important examples of convex sets. For any b € R™\ {0}
and # € R, the sets

o {z| (x,b) <}, {z|(x,b) > B} (the closed halfspaces) and
o {z] (x,b) < B}, {z| (x,b) > [} (the open halfspaces)

are non-empty and convex. Note replacing b and § by \b and A\ for some \ # 0 gives the
exact same set of halfspaces. (For example, (x, \b) = A (x,b) < A\ <= (z,b) < f.) Thus,
these halfspaces depend only on the hyperplane H = {z | (x,b) = (}.

1.23. Theorem: The intersection of an arbitrary collection of convex sets is convew.

Proof. Let (C;);er be a collection of convex subsets of R™ indexed by I. Define C' := ﬂie 1 Ci.
Fix z,y € C' and X\ € (0,1). Since C; is convex for all i € I, i.e.,Vie [ : Az + (1 — Ny € C;,
we get Ax 4+ (1 = N)y € (,c; Cs = C. Hence, C' is convex. O

1.24. Corollary: Let b; € R" and 3; € R for i € I, where I is an arbitrary index set.
Then the set C = {x € R" | Vi€ I : (z,b;) < 5;} is conver.

Proof. For each i € I, define C; := {z € R" | (z,b;) < f5;}. We claim that all such C;’s are
convex. Indeed, let ¢ € [ and fix x,y € C; and A € (0,1). Set z := Az + (1 — A\)y. Then

(z,bi) = Az + (1 = Ay), by)

= Az, b)) + (1= X) (y,b;) linearity of (-, )

<ABi+ (1= A)B; Vo € Gt (z,b;) < f;

= B
Thus, z € C; and C; is convex. Now (' is just the intersection of all C;’s, so by Theorem
1.23 it is convex. 0

1.25. Remark: It’s easy to see that this corollary holds if some of the inequalities <
were replaced by >, >, <, or = (we just define individual C;’s differently). Thus, given any
system of simultaneous linear inequalities and equations in n variables, the set of solutions
is a convex set in R”.
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1.26. Definition: A vector sum A\;z; + --- + A&y, 1S called a convex combination
of vectors zq,..., 2, ER™if \; >0foralli=1,... mand \y +---+ \,, =

1.27. Remark: In many situations where convex combinations occur in applied math-
ematics, A\1,..., A\, can be interpreted as probabilities or proportions.

1.28. Theorem: A subset C' C R" is convez iff it contains all the convexr combinations
of its elements.

Proof. (<) This direction is trivial.

(=) Suppose C' is convex. We proceed by induction on m, the number of vectors in the
convex combination. For m = 2, the conclusion is clear as C' is convex. Now suppose
that for some m > 2, it holds that any convex combination of m vectors lies in C'. Let
{z1,.. T, Tma1} € C and A, ..., A, As1 > 0 such that ZMH A; = 1. Our goal is to
show that z := A\jx1 4+ - + A\ + A1 Ty € C.

Observe there must exist at least one A € [0,1) as otherwise (if all A; = 1) the sum would
be greater than 1. WLOG, assume that A, € [0,1). Now

m+1 m
z = Z AT = (Z /\ilfi) + At 1Tmy1
i=1

i=1

=(1-Ant1) (Z T .. l’z) + A 1Tm41

i=1 )\m+1
= (1 - m+1 (Z )\, xz) + >\m+1xm+1
=1
Observe that A, := A >0 and
1- >\m+1
m+1
s )\ 1 - )\erl
A=1 —= A = =1.
Z Z m+1 1 - )\m—f—l

=1

Then z is a convex combination of two vectors in C| so it also lies in C' i.e.,

( +1 (Zzl: > +1\’+-1/

eC
€ C by IH

It follows that C is convex as desired. [l
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1.29. Definition: Let S C R"™. The intersection of all convex sets containing S is called
the convex hull of S and is denoted by conv(S). It is the smallest convex set containing S.

1.30. Theorem: Let S CR"™. Then conv(S) consists of all convex combinations of the
elements of S, i.e.,

conv(S) = {Z Xiz; | I is a finite index set and Vi € I : x; € S, \; > O’Z)‘i = 1} )

el el

Proof. Define

D = {Z)‘m | I is a finite index set and Vi € [ : z; € S, \; > O’Z)‘i = 1} )
il iel

(conv(S) C D) Clearly, S C D. We claim that D is convex. Let dy,dy € D and X € [0, 1].

Then we can write

k k
di=> Nz where A, A >0) N=1{xy,.... 2} C 8,
i=1 =1

dgzz,ujyj where ,ul,...,urZO,Zujzl,{yl,...,yr}gS.

j=1 j=1
Therefore,
Observe that A\; and (1 — A\)u; are non-negative for all ¢ € [k] and j € [r] and that

k T
Mt M+ (=Nt =N =A) N+ (1=
=1 7=1

A1+ (1—N)-1=1.
Altogether, we conclude that D is a convex set 2 S and thus conv(S) C D.

(D C conv(S)) Observe that S C conv(S). Now combine with Theorem 1.28 to learn that
the convex combinations of elements of S lie in conv(S). O
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Section 3. The Projection Operator

1.31. Let us first review some results from real analysis.

e A sequence (z,)nen in R” is said to be Cauchy if ||z, — z,|| — 0 as min{m,n} — oc.
e R" is complete, i.e., every Cauchy sequence in R"™ converges.

e Let y € R” and || - || be the Euclidean norm on R”. Then the function f : R* — R
defined by = — ||z — y|| (ie., || - —y]|) is continuous.

1.32. We now cover two basic algebraic properties. We will use them later in the proof
of results related to the projection operator.

1.33. Lemma: Let x,y,z € R". Then

2
Tr+y
o= oI =2 = ol + 2 =yl — 4 s - Z52

1.34. Lemma: Let x,y € R". Then
(x,y) <0 <= YA€ [0,1]: ||z]] < ||z — Ayl
Proof. Observe that
lz = Ayl* = [l ]|* = et = 2A () + Ayl = et = AAyl* = 2 (2, 9)).- (1.1)

Suppose (x,y) < 0. Then
Myll? > 0A=2(z,y) >0 = [lz =Myl = [lz]|*> = MA[lyl* = 2 (z,9)) > 0.

Conversely, suppose that for every A € (0,1], ||z — Ay|| > ||z||. Then (1.1) implies that

A
(@) < Sl

Taking the limit as A — 0 yields the desired result. 0

1.35. Intuition: Let us give some geometric intuition on the inner product in R™ (i.e.,
the dot product). Recall that in R™, (x,y) = ||z|/||y|| cos(f) where 6 is the angle (in radians)
between z and y. Since ||z, ||y]] > 0, (z,y) < 0 <= cos(d) < 0, which occurs when
0 > 90°. Thus, if the inner product of x and vy is positive, then they form an acute angle and
each vector has a component in the same direction of the other; if the dot product is negative,
then they form an obtuse angle and each vector has a component in the opposite of the other;
and if the dot product is zero, then they form a right angle and they are orthogonal to each
other. The sign of the inner product gives information about the geometric relationship of
the two vectors. This intuition will be important later when we discuss concepts such as
normal cones.
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1.36. The distance between a point z and a set S C R" is the infimum of the distances
between the point x and those in the set S. Intuitively, we find the element s € S “closest”
to x and then take the distance between them to be the distance between z and S.

1.37. Definition: Let S C R™. The distance function to S is defined as
ds : R" — [0, 0]

x +— inf ||z — s]|.
s€S

1.38. The projection of x onto C' is the element in C' that attains the infimum given
by de(x). If p = Po(z), then it is the closest one (to x) among all elements in C.

X

de(x) =1llx - pll

p = Pc(x)
Figure 1.1: Projecting x onto C.

1.39. Definition: Let C' C R"™ be non-empty, * € R”, and p € C. Then p is the
projection of x onto C, denoted by Po(x), if do(x) = ||z — p||.

1.40. Theorem (The Projection Theorem): Let C' C R™ be non-empty, closed, and
convex. Then Po(x) exists and is unique for all x € R™, and for every x,p € R",

p=Po(r) <= peCAVyeC:{y—p,x—p) <O0.

Proof. Let x € R™. Our goal is to show that x has a unique projection onto C.

(Existence) By definition, the distance from x to C' is given by do(z) = inf.ec ||z — €.
Therefore, there exists a sequence (¢, )nen in C such that

do(z) = lim [, — ). (1.2)

Now let m,n € N. By convexity of C, we know that (¢, + ¢,)/2 € C. Hence,

(1.3)

1
c(@) = fflz — || < Jlo — (e + )

Applying Lemma 1.33 with (z,y, 2) = (Cm, Cn, (Cm + ¢1)/2), we learn that

2
Cn + Cm

len — emll® = 2llen — 21 + 2llen — 2] — 4 ‘ !

< 2llen — @[|* + 2flem — @]|* — 4dE(2)
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where the inequality follows from (1.3). By (1.2), letting m — oo and n — oo, we see that
0 < [Jen — eml* ™5 2d2 () + 2d2 (x) — 4d2(z) = 0.
Hence, (¢,)nen is a Cauchy sequence in C' and thus converges to some p:

lim ¢, = p.
n—oo

Note p € C as C'is closed. We will now show that d¢(x) = ||z — p||, so by definition p is the
desired projection. First, the function ||z — -|| is continuous. Combining with ¢, — p and
(1.2), we learn that ||z — ¢,|| = de(x) and ||z — ¢,|| — ||z — p||, which gives

de(z) = ||z — pl|.
This concludes the existence of p = Po(z).

(Uniqueness) Suppose that ¢ € C satisfies do(x) = ||¢—=||. By convexity of C, (p+¢q)/2 € C.
Using Lemma 1.33 with (z,y,2) = (p,q, (p + q)/2), we see that

p+q
0 < llp—al* = 2llp — 2l]* + 2llg — |]* 4 H H

< 2d%(z) + 2d%,(v) — 4d%(x)
<0.
Hence, ||p — ¢|| = 0 and p = ¢q. Therefore the projection is unique.
Next, we want to show that
Vee R"WVpeR":p=Po(r) < pe CAVyeC:{y—p,x—p) <0.
We do so with a series of iffs. Indeed,
p=Polz) <= peCAllr—pl? = ).
By convexity of C, y, := ay+ (1 — a)p € C for every y € C and « € [0, 1]. Therefore,
|z = pl* = d&:(v) <= (Vy € O)(Va € [0,1]) : [z — p||* < ||z — yal®
= (WeO)(Vae0,1): [z —pl* < |z —p—aly—p)|’
— Yyel:{xr—p,y—p)<0.

where in the second iff we subtracted p and added ap for a € [0, 1]; the third iff used Lemma
1.34 with (z,y) = (xr — p,y — p). O

1.41. Remark: Note both closedness and convexity are necessary.

e In the absence of closedness, Po(x) doesn’t exist for all z € C' as the limit point of the
sequence (¢, )nen in the first proof is not guaranteed to be contained by C.

e In the absence of converity, the projection might not unique. For example, with
C:=[-2,1U[L,2], z = 0 has two closest points: —1 and 1, so Po(0) = {—1,1}.

10
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1.42. Example: Let ¢ > 0 and C = b.(0) := {z € R™ : ||z]|?> < €%}, i.e., the closed ball
in R™ centered at 0 with radius . We claim that

Ve € R": Po(z) = ©

——.
max{|[z|, e}

oy
h
2
YV

Let z € R" and set p = Po(x) given above. Using the projection theorem, it suffices to show
that p € C and (z —p,y —p) <0 for all y € C.

(p € C) First, if ||z|| < e, then x € C and p = (¢/e)x = x € C. Now if ||z|| > €, then

]l

Wzé = |pP<e? = peC.
X

g
p=7r = |p|=¢
| ]]

VyeC:{(x—py—p) <0)Letyec C. If ||z|| <e,thenp=2xand 0 = (x — p,y —p) < 0.
Now if ||z|| > €, then p = (¢/||z||) - . Now observe that

<x—p,y—p>=<x—ﬁx>y_ﬁ$>
(- 5) (o= )
(1-5) (o - e

= (1= 15 ) U = elel)
(1-77)
(i

Uz lHlyll = ell]) Cauchy-Schwarz

(llzlle —ell=[]) yel = |yl <e

11
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Section 4. The Algebra of Convex Sets

1.43. The class of convex sets is preserved by a rich variety of algebraic operations.

1.44. Note: Let C' C R™ be convex. Then any translation C 4+ a := {c+a | ce C}
for a € R™ and every scalar multiple A\C' := {Ac | ¢ € C} for A € R are also convex.
Geometrically, for A > 0, AC' is the image of C' under the transformation which expands or
contracts R™ by the factor A with the origin fixed.

1.45. Note: The symmetric reflection of C across the origin is —C := (—=1)C. A
convex set is said to be symmetric if —C' = C. Such a set (if non-empty) must contain
the origin, since it must contain along with each vector x, not only —z, but the entire line
segment between r and —ux.

1.46. Definition: Let C, D C R". The Minkowski sum of C' and D is given by
C+D:={c+d|ceC,de D}.

1.47. Theorem: Let C,Cy C R"™ be convex. Then Cy + Cy is convew.

Proof. 1f one of them is @ then their Minkowski sum is @ and the conclusion follows. Now
suppose both are not empty, so C'+ D is non-empty. Let z,y € C; + Cy and A € (0,1).
Since x € C + Cf, there exists x1 € C, x5 € (5 such that x = x; + z9. Similarly, we can
find y; € C1, y2 € Cs such that y = y; + y2. Now

Az + (1= Ny = Az +22) + (1= M)y + 2)
= Azy + (1 — /\)yl + Axo + (1 — /\)yg e C) + Cs.

The proof is complete. l

1.48. Proposition: Let C, D be non-empty, closed, convexr subsets of R™ such that D
s bounded. Then C' 4+ D is non-empty, closed, and convex.

Proof. Both are non-empty so the sum is non-empty; both are convex so C' 4+ D is convex
by Theorem 1.47. It remains to show that C' + D is closed. Take a convergent sequence
(Zn + Yn)nen in C' + D such that (z,)nen lies in C, (Yn)nen lies in D, and z,, + y, — 2.
We show that z € C' + D. By assumption, D is bounded, so (¥, )nen is bounded. Using
BW, there is a convergent subsequence (yy, )nen converging to y € D as D is closed. Since
(xn + yn) — z, the subsequence (xy, + yx,) — 2. Since y,, — y, we get x, — z — y. Since
Ty, is convergent, z —y € (' as C'is closed. Thus, z € C+y C C' + D and we are done. []

1.49. Remark: Both results can be generalized to a finite collection of sets, e.g., if
Ci,...,C,, are convex, then Cy + - -- + C,, is convex.

12
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1.50. Example: If we drop the constraint “at least one of C, D is bounded”, then the
proposition above no longer holds. Let R, := (0,00) and consider
C; =R x {0} (i.e., the z-axis),
Cy = {(z,y) € RZ, | zy > 1}.

Then both C; and C5 are closed and convex. We claim that C + Cy; = R x R, which is
convex but open, which is a valid counterexample for the proposition above.

o (1 +Cy C R xRy Let (z1,29) € Cp + Cy. Then there exist (z1,72) € C; and
(y,0) € Cy such that 2y = 27 +y; and 25 = x9. Clearly, 21 = 271 + y; € R and
29 =x9 > 0. Thus, C; + C5y CR x Ry ,.

e C1 +(CHy DR xR, : Let (z,y) € RxRyy. Set ¢y := (v —1/y,0) and 3 := (1/y,y).
Then ¢ € C, ¢3 € Cy and (x,y) = ¢1 + ¢o € C1 + Cs.

1.51. Even without convexity, the following algebraic laws related to addition and scalar
multiplication hold:

Ci+ Cy = Cy+ C
(CL+ Cy) + Cs = Cy + (Cy + C5)
At (AaC) = (M) C
A(Cy+ Co) = ACh + A

Now if the sets are convex, we have one more property. This is in fact equivalent to the
convexity of the set C, since the law implies that A\C' + (1 — A)C' € C' whenever A € (0,1).
1.52. Theorem: Let C' be a convex set and A1, Ao > 0. Then
(A + X2)C = M C + \C.

Proof. (C): Let x € (A + A\y)C. Then there exists ¢ € C such that x = (A + \y)c =
A+ Ao € \iC 4+ \C. Note this direction always holds, even in the absence of convexity.

(2): WLOG, assume A; + A2 > 0 (otherwise, both are zero and the conclusion is trivial).
By convexity of C', we have

A Ao
C+ Cccc.
)\1 + )\2 )\1 + )\2 -
Equivalently, \;C' + X\C C (A + A\g)C. O
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CHAPTER 1. CONVEX SETS

Section 5. Topological Properties of Convex Sets

1.53. Note: Let B denote the closed Euclidean unit ball in R™:
B=B(0,1)={z e R" | |jz|* <1}
For any point a € R", the closed ball centered at a with radius € > 0 is given by

B(a;e) = {a+z € R" | ||z|* < &}
=a+{z eR"|||z[]* <&}
=a+eB.

For any set C' € R”, the set of points x whose distance from C' does not exceed ¢ is
{z|yeC:|lz—yl|<e}=JHy+eBlyeC}
=C+¢B.

Note we consider the closed ball because closeness is important in convex analysis.

1.54. Definition: The interior and closure of a set C' C R™ are given by
int(C)={z|Je>0:2+eB C (Y},
C=d(C)=(){C+eB|e>0}.

1.55. Remark: Let’s connect these definitions with those from the past analysis courses.

e Interior: Recall z € R is in the interior of C' C R" if C' contains a ball centered at x

of radius €. As derived above, such a ball can be expressed as z + €B.

e Closure: Now recall that the closure of C' C R"™ is the set C together with all of
its limit points and it is the smallest closed set containing S. Equivalently, it is the
intersection of all closed sets containing S. As derived above, C' + B is a closed set
containing C', so we take the intersection of all such sets to obtain the closure of C'.

1.56. Definition: The relative interior of a convex set C' is

ri(C) :={zx € aff(C) | Je > 0: (z +eB) Naff(C) C C}.

1.57. Intuition: Imagine a circle (2D object) but in R3. The circle intuitively “should”
have non-empty interior (i.e., the points “inside” the circle) but by definition, it has an empty
interior in R?® (because one of its dimension is 0 so it cannot contain any open ball). Now
the notion of relative interior takes you back to R? (by considering how the set S behaves
on its affine hull aff(5)), so the circle has non-empty relative interior even when embedded

in a higher-dimensional space.

1.58. Remark: For any C' C R, 1i(C) C C C C.

14



5. TOPOLOGICAL PROPERTIES OF CONVEX SETS

1.59. The following result tells us that if the interior of a set C' C R™ is non-empty, then
the relative interior coincides with the interior. Indeed, we introduced the relative interior
to handle where the interior is empty. Since int(C') # @, the affine hull of C' must be R", so
the (z +eB) Naff(C') C C reduces to (v +¢B) C C which matches the definition of int(C).

1.60. Proposition: Let C C R". Suppose that int(C) # @. Then int(C) = ri(C).
Proof. Let x € int(C'). Then there exist € > 0 such that B(z;e) C C. Hence,

R" = aff(B(x;¢)) C aff(C) C R™.
Therefore, aff(C') = R™ and the conclusion follows by recalling that
ri(C) ={z € aff(C) | Je > 0: (x +eB) Nnaff(C) C C}

={ze€R"|F&>0:(x+eB)NR" C C} aff(C) = R"
={zeR"|JF>0:(r+eB) CC} VACR": ANR"=A
= int(C).

0

1.61. Let C be convex. The next result says given an interior point = € int(C') and a
closure point y € C, the line segment between x and y, including y and excluding vy, [z,y),
is in the interior of C'. This should be pretty intuitive.

1.62. Proposition: Let C C R" be convex. Then Vx € int(C),Vy € C : [x,y) C int(C).
Proof. Our goal is to show that
Vz € int(C),Vy € C,VA € [0,1) : (1 = Nz + Ay € int(O).

Let A € [0,1). We need to show that for some € > 0, the ball centered at x with radius ¢ is
contained in C, i.e., (1 = N)x + Ay +eB C C for some € > 0. Observe that, because y € C,
we have y € C'+¢B for all € > 0.

(I=XNz+Ay+eBC(1-=XNz+AXC+¢eB)+eB yeC+eB
=(1-Nz+XC+ X\eB+¢eB
=(1=XNz+(14+NeB+XC Theorem 1.52

A
:(1—)\){ +)\5B]+)\C
C(1=XC)+AC for sufficiently small e
cC. Theorem 1.52

1.63. The same result holds if we replace interior with relative interior.

15



CHAPTER 1. CONVEX SETS

1.64. Theorem: Let C' C R" be conver. Then Vx € 1i(C),Vy € C : [z,5) C ri(C).
Proof. By the previous proposition, if int(C') # &, then
Vo € int(C),Yy € C,VA € [0,1): (1 — Nz + Ay € int(O).

Combine this with Proposition 1.60 (int(C') = ri(C')), we are done for this case. Now suppose
int(C') = @, then we must have dimC = m < n. Let L = aff(C) — aff(C) be the unique
linear subspace parallel to C' whose dimension is m. Then L can be regarded as a copy of
R™. After translating C' with —c¢ € C' (if necessary), we can (and do) assume that C' C R™
and the interior of C' wrt R™ is the relative interior ri(C') (in R™). Now apply case 1. O

1.65. If C is convex, then both its interior and its closure are convex. Moreover, if it
has an non-empty interior, then everything behaves as expected.

1.66. Theorem: Let C' CR" be convex. Then the following hold:
1. C is convex and int(C) is convex.
2. Suppose that int(C) # @. Then int(C) = int(C) and C = int(C).

Proof.
(Proof of 1(1)) Let 2,y € C and A € (0,1). Then there exist sequences (2, )neny and (¥ )nen
in C' such that x,, — z and y,, — y. Since C' is convex, \x,, + (1 — \)y,, € C. Consequently,

Ay 4 (1= Ny = Ar+ (1= y) = Az + (1 - \y) € C.
Hence, C is convex. [ |

(Proof of 1(2)) If int_(C) = @ the conclusion is trivial. Otherwise, use the previous proposition
with y € int(C') C C. Observe that

[z,y] = [z,y) U{y} C int(C) Uint(C) = int(C).

(Proof of 2(1)) Clearly, C C C, so  int(C) C int(C). Conversely, let y € int(C). Then there
is some € > 0 such that B(y;e) C C. Now let x € int(C'), A > 0 such that = # y, and

y+ Ay —z) € Bly;e) CC.

By Proposition 1.62 applied with y replaced by y+ A(y —z), we learn that (see Remark 1.67)
y € [z,y+ Ay — ) € int(C).

Therefore, int(C') C int(C) and thus int(C) = int(C). |
(Proof of 2(2)) Clearly, int(C') C C. Conversely, let y € C and let x € int(C). Define

yr= (1 =Nz + Ay

for each A € [0,1). Again, Proposition 1.62 tells us that the sequence (yx)cp,1) lies in
[z,y) C int(C). Hence, y = limy_,q yx € int(C). Therefore, C C int(C) and C = int(C). O

16



5. TOPOLOGICAL PROPERTIES OF CONVEX SETS

1.67. Remark: For the “€” above, set a := IJ%\ € (0,1) and observe that

y=(0-a)r+aly+AMy—2)) #y+ Ay —2).
Indeed, (1 —a)z+aly+ ANy —z)) = (1 —a(l+ X))z +a(l+ Ny =v.

1.68. The following results are listed here without proofs. We will use them later.

1.69. Fact: Let C' C R™ be convex. Then ri(C)) C R™ is convex. Moreover,
C#2 <= 1i(0C) # 2.

1.70. Fact: Let Cy,Cy be conver subsets of R™ and A € R. Then
I'l()\Cl + CQ) == )\I‘l(Cl) + I'I(CQ)

1.71. Fact: Let C7 CR™, Cy C RP be convex. Then
I‘i(Cl D 02) = I'l(cl) D I'I(CQ) = {(017 Cz) | c € ri(Cl), Co € I‘l(Cg)}

17



CHAPTER 1. CONVEX SETS

Section 6. Separation Theorems

1.72. Intuitively, a hyperplane in R” (an (n—1)-dimensional affine set) divides R™ evenly
in two, in the sense that the complement of the hyperplane is the union of two disjoint open
convex sets, the open half-spaces associated with the hyperplane.

1.73. Here’s the more intuitive set of definitions. Let C7, Cs be non-empty sets in R”. A
hyperplane H is said to separate C; and Cy if C'y is contained in one of the closed half-spaces
associated with H and C5 lies in the opposite closed half-space. It is said to separate C
and Cy strongly if there exists some € > 0 such that C; + €B is contained in one of the
open half-spaces associated with H and Cs +¢B is contained in the opposite open half-space
(recall that C; 4+ €B consists of the points x such that |z — ¢| < e for some ¢ € C.

1.74. Definition: Two sets C,Cy C R" are separated if 3b € R™ \ {0} such that

sup (c1,b) < inf (c,b).
c1€C c2€C2

Sets ('} and (5 are strongly separated if the inequality is strict. We say that z € R" is
(strongly) separated from C' C R" if the set {z} is (strongly) separated from C'.

1.75. Remark: Let’s show that this definition is equivalent to 1.73. Let b # 0 satisfy
the given condition. Choose any [ between the infimum over Cy and the supremum over Cf.
Since b # 0 and g € R, H = {z | (z,b) = B} is a hyperplane (Theorem 1.18). The halfspace
{z | (x,b) < B} contains C; while {z | (x,b) > S} contains Cy. Therefore, this condition
implies the definitions in 1.73.

Conversely, when C; and Cy can be separated (in the sense of 1.73), the separating plane
and associated closed half-spaces containing C'; and Cy can be expressed in the manner just
described for some b and §. One has (x,b) < (8 for every C; and (x,b) > (3 for every x € Cs,
with strict inequality for at least one z € C; or x € (5. This concludes the other direction.

1.76. (Cont’d): Now if the inequality is strict for some b, we can actually choose 8 € R
and 0 > 0 such that (z,b) < 8+ 6 for every x € C; and (z,b) > 8 — ¢ for every z € Cy.
Since the unit ball B is bounded, € can be chosen so small that | (y,b) | < ¢ for every y € B.
Then we get

Ci+eBC{x|(x,b) <p}, Cy+eBA{z|{x,b) > p},

so that H = {x | (x,b) = P} separates C; and Cy strongly. Conversely, if they can be
separated strongly, the inclusions just described hold for a certain b, 5 and € > 0. Then

B > sup{(x,b) +(y,b) | v € C1,y € B} > sup{(z,b) | z € C1},
B <inf{(z,b) + e (y,b) | x € Cy,y € B} < inf{(z,b) | x € Cs}

so the strict inequality holds.
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6. SEPARATION THEOREMS

1.77. Theorem: Let C' be a non-empty, closed, convex subset of R™ and suppose that
x & C. Then x is strongly separated from C'.

Proof. Applying the definition, we need to guarantee the existence of 0 # b € R™ such that
sup (¢,b) < inf (x,b) = (x,b) .
ceC

Equivalently, we want to find some b # 0 such that
sup (¢ — x,b) < 0.

ceC

Set b := x — Pox where Pox denotes the projection of  onto C. Note b # 0 as ¢ ¢ C. By
the Projection Theorem, we have

p=PFPox < peCandVyeC:{(y—p,x—p) <O0.
Rewrite the rightmost condition with p being replaced by x — b = Po(z) € C, we have

(= (= b)o— (2 —b) SO = (y—o+b8) <O <= (y—,b) < — (b,b) = —[b]]>

Consequently,

sup (y,b) — (x —b) < —[|b||* <0 = sup (y,b) < (z,b)

yeC yeC

as desired. O

1.78. Corollary: Let Cy,Cy be non-empty sets of R™ such that C1NCy = & and Cy —Cy
1s closed and convex. Then C and Cy are strongly separated.

Proof. By definition, C; and Cy are strongly separated iff C; — C5 and 0 are strongly
separated. Indeed, C; — C5 and 0 are strongly separated iff there exists b # 0 such that
sup (¢ —c9,b) <inf(0,b) =0

c1€C1,c2€C3

< sup  {{a,b) +(—c2,0)} <0
01601,62602

<= sup (c1,b) + sup (—co,b) <0

c1eCq coeCy
<= sup (c1,b) < — sup (—c9,b) = inf (c9,0).
c1eCy co€Cy c2€Ch

The conclusion follows by noticing that C; NCy = @ = 0 ¢ C; — (s, and combining with
Theorem 1.77. 0

1.79. Corollary: Let Cy,Cy be non-empty closed convex subsets of R™ such that C7 N
Cy = @ and Cy is bounded. Then C7 and Cy are strongly separated.

Proof. Observe that —CY is non-empty, closed, and convex. Therefore, by 1.48, C} — C5 is
non-empty, closed, and convex. Now combine with the last corollary. 0
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1.80. Theorem: Suppose that Cy and Cs are non-empty, closed, conver subsets of R™
such that C1y N Cy = . Then Cy and Cy are separated.

Proof. Define D,, = Cy N B(0;n) for each n € N. Observe that for each n, C; N D,, = @.
Indeed, D,, C Cy = C1 N D,, € C;NCy = &. Moreover, D,, is bounded as D,, C B(0;n).
Now apply Corollary 1.79 with C5 replaced by D,,, we learn that for each n € N, there exists
a hyperplane that strongly separates C'; and D,,. Equivalently,

Vn € N,Vu,, € R™ : (JJuy|| = 1) A (sup (Cy,u,,) < inf (D, uy,)). (1.4)

Because (uy,)nen is bounded, there exists a convergent sequence (ug, )nen Of (Un )nen such that
ug, — u (for some u) and ||ul]| = 1. Now let € Cy,y € Cy be arbitrary. Then, eventually
y € B(0; k,), hence eventually y € Dy, , and by (1.4), (as x € Cy,y € Dy, ,)

Taking the limit as & — oo, we learn that (x,u) < (y,u). This holds for every (x,y) € C; xCy
and we are done. 0

1.81. Definition: Two sets C,Cy C R" are properly separated if there exists b €
R\ {0} so that

sup (c1,b) < inf (co,b)

c1€Cy co€Cy
inf (c1,b) < sup (co,b).
c1e€Ct caeCh

1.82. Intuition: Geometrically speaking, two sets in R? are strongly separated if one
can draw a line (separating hyperplane) between them and neither set touches the line; two
sets are properly separated but not strongly separated means at most one of the sets can
be completely contained in the separating hyperplane (i.e., being a subset of the separating
hyperplane); two sets are separated but not properly separated if both of them can be
completely contained in the separating hyperplane. It is easy to see that

strong separation = proper separation = separation.

N

/4\

Figure 1.2: Strongly Separated vs Properly Separated vs Separated.

1.83. Fact: Two non-empty convex sets Cy,Cy C R™ are properly separated iff
rl(Cl) N I'l(CQ) = .
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7. CONES

Section 7. Cones

1.84. A subset C' C R" is called a cone if it is closed under positive scalar multiplication,
ie, A\x € C forall x € C and A > 0.

1.85. Intuition: Geometrically, a cone is the union of half-lines (rays) emanating from
the origin. The origin itself may or may not be included (again, we consider positive scalar
multiples, NOT non-negative scalar multiples!). A convex cone is a cone which is a convex
set. Not all cones are convex! For example, the union of two non-intersecting (except possibly
at the origin) cones is still a cone but is not a convex.

1.86. Remark: One should not necessarily think of a convex cone as being “pointed”.
Subspaces of R™ are in particular convex cones. So are the open and closed halfspaces
corresponding to a hyperplane through the origin.

1.87. Note: Let R, = (0,00) and R__ = (—00,0). Neither of them contains zero!
1.88. Definition: Let C' C R"™. Then

e Cisaconeif O =R C =, cgoirclceC}.
e The conical hull of C, denoted by cone(C'), is the intersection of all the cones of R”
containing C'. It is the smallest cone in R™ containing C'.

e The closed conical hull of C, denoted by cone(C'), is the smallest closed cone in R”
containing C'. It is the smallest closed cone in R™ containing C.

K, K
Ka

1.89. Example:

v

Ky

1 ={(x1,...,2,) ER" | 2; > 0,1 <i<n}isa closed convex cone.
2:{(951, S xn) ER™ | 2; > 0,1 <i<n}isa convex cone.

= ({0} x R+) U (R, x {0}) C R? is a closed cone but not convex.
= ( )u

{0} x R, ;) U(R__ x {0}) C R? is a cone but neither closed nor convex.
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1.90. Proposition: Let C' CR". The following hold.

1. cone(C) = R++C’
2. cone(C) = cone(C).
3. (con ( )) = conv(cone(C)).

4. cone(conv(C')) = conv(cone(C)).

conelc

Proof. If C = @ then the conclusion is obvious. Now suppose C # &.
Property 1. Set D = R, C and observe that C' C D and D is a cone. Thus,
cone(C) C cone(D) =D =R, C.
Conversely, let y € D. Then y = A¢ for some A > 0,c € C, so y € cone(C). Hence,
R;+C = D C cone(C).
Now combine C and D. [ |
Property 2. Since cone(C') is a closed cone with C' C cone(C'), we get

cone(C') C cone(cone(C)) = cone(C).

Conversely, since cone(C') is a closed cone, cone(C') C cone(C). Now combine C and O. W

Property 3. Let x € cone(conv(C')). By Property 1, there exists A > 0 and y € conv(C)
such that = Ay. Since y € conv(C'), there exists Aj,..., A\, € Ry with > A\ = 1 and
Ty,...,T,m € C such that y = > N\ja;. Then

x = /\Z Ny = Z Ai(Az;) € conv(cone(C)) as A >0 = Az; € cone(C).

Conversely, let = € conv(cone(C')). By Property 1, we can find Ay, ..., Ao > 0, i1, ..., ftry >0
with > p; = 1, and {z1, ..., 2, } € C such that

T = ;Ml)\zzz (; Az,“z) <Z Z )\Zul xz)

= m@ii ::m)\i i, B = Aifli
a; ’ : ; : > ik

Then o > 0, 5; > 0 for all ¢ € [m], and Y ", 5; = 1. Hence,

r=a i Bix; € cone(conv(C)).

=1

as 0 < f; <1 = fiz; € conv(C). [ |
Property 4. This is a direct consequence of Property 3. 0
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1.91. The following result shows that if C' contains 0 as an interior point, then the
cone(C) and cone(C) are both R™. Indeed, since 0 € int(C), there exists a ball centered
at 0, so for the cone to be closed under positive scalar multiplication, we must have rays
emanating from the origin to all directions.

1.92. Lemma: Let C' be a convez subset of R" such that int(C') # @ and 0 € C. TFAE:
1. 0 € int(C).
2. cone(C) = R™
3. wme(C) = R”.
Proof. 1 = 2: Indeed, 0 € int(C') <= 3¢ > 0: B(0;¢) C C. Then
R"™ = cone(B(0;¢)) C cone(C') CR" = cone(C) = R".
|

2 = 3: By Proposition 1.90(2), cone(C) = cone(C). Now R™ = cone(C) C cone(C) =
cone(C') where * is the hypothesis. |

3 = 1: By Proposition 1.90(3), cone(conv(C')) = conv(cone(C')). Since C' is convex (assump-
tion), we have C' = conv(C). Hence

cone(C') = conv(cone(C')) = cone(C) is convex as RHS is convex.

By assumption, @ # int(C) C int(cone(C)). Hence, cone(C) is a convex set and int(cone(C)) #
@. Then by Proposition 1.66 (3) (i.e., int(C') = int(C') for convex C' with non-empty interior),
we have

int(cone(C')) = int(cone(C)) = int(cone(C))

Hence,

R" = int(R") = int(cone(C))
= int(cone(C))
~ cone(int(C))

= 0 € cone(int(C))
= 0€ X int(C
= 0 € int(C).

for some A > 0

~—

Last implication: Since 0 € Aint(C'), there exists some ¢ € int(C') such that 0 = Ac. But
A > 0, so we must have ¢ = 0. Thus, ¢ € int(C). Note % follows from the fact below (proof
omitted). O

1.93. Fact: Let C CR"™ be conver with int(C) # @ and 0 € C. Then
int(cone(C')) = cone(int(C)).
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1.94. We list some useful results without proof below. The first one is elementary.

1.95. Fact: The intersection of an arbitrary collection of convex cones is a convex cone.

1.96. Compare the next result with Corollary 1.24. In words, the set of solutions to
a system of linear inequalities is a convex cone, rather than merely a convex set, if the

inequalities are homogeneous.

1.97. Corollary: Let b; € R™ for i € I, where I is an arbitrary index set. Then
K ={x eR"| (z,b;) <0,i€ I} is a convexr cone.

1.98. The following characterization of convex cones highlights an analogy between con-
vex cones and subspaces.

1.99. Fact: A subset of R™ is a convex cone iff it is closed under addition and positive
scalar multiplication.

1.100. The following two corollaries are similar to those in Section 1.2 (Convex Sets).

1.101. Corollary: A subset of R™ is a convex cone iff it contains all the positive linear
combinations of its elements.

1.102. Corollary: Let S C R™ and K be the set of all positive linear combinations of
S. Then K is the smallest convex cone which contains S.
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8. TANGENT AND NORMAL CONES

Section 8. Tangent and Normal Cones

1.103. Definition: Let C' C R" be non-empty and convex, and x € R". The tangent
cone to C' at x is given by

To(r) = {m@ —2)=User,, MC—2) z€C

I} x ¢ C

1.104. Intuition: The tangent cone to C' at x is the closed conical hull of C' shifted by z.
Intuitively, you are looking for a cone that contains all the positive scalar multiples of C'— x.

1.105. Example (Tangent Cone): Let C = B(0;1).

A

C = B(0:1) To((0,0)) = R? To((1,0) =R_ xR
Figure 1.3: Example: tangent cone.

The tangent cone of C' is given by

{yeR"[(z,9) <0} |lzf| =1
Te(z) = { R" || < 1

o otherwise

First, if ||z|| < 1 or equivalently z € int(C), e.g., x = (0,0) in the middle graph, then C' — z
contains 0 as an interior point, so there exists some closed ball centered at the origin. Since
a cone is closed under positive scalar multiplication, the cone must contain all the ray in all
the directions. Therefore, To () = R

Now if ||z|| = 1, i.e., C contains z as a boundary point, e.g., x = (1,0) in the right graph
above, then C' — x contains 0 as a boundary point. Therefore, only the left half of the
x,y-plane is needed to cover all positive scalar multiples of points in C'. It follows that
Te((1,0)) = R_ x R. In general, we are moving C' away from z, so T¢(z) contains all points
y € R™ such that (x,y) < 0. In our example, any y € R_ x R is of the form (y;,y2) with
y1 < 0 so that (z,y) = —y1 <0 as desired.

Finally, when = ¢ C, T () is the empty set.
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1.106. Definition: Let C' C R™ be non-empty and convex, and x € R". The normal
cone of (' at z is

{u e R" | sup.cc (c—x,u) <0} zeC

No(e) = {@ v g C

1.107. Intuition: Let C' C R" and = € C. Geometrically, (¢ —x,u) < 0 means the
two vectors form a right or obtuse angle. Thus, for u to be in the normal cone of C at x,
vectors v and ¢ — x must make up a right or obtuse angle for any ¢ € C.

1.108. Example: Let C'= B(0;1).

A

C = B(0;1) Ne((0,0)) = {0} Ne((1,0) = R,

Figure 1.4: Example: normal cone.

Riz |lef =1
Ne(z) = {0} [z <1
o otherwise

First, consider ||z|| < 1 or equivalently = € int(C), e.g., x = (0,0) in the middle graph.
For v € R? to be in the normal cone N¢((0,0)), u has to form a right or obtuse angle with
every ¢ € C'— 0 = C. The only vector that satisfies this constraint is the zero vector (as
C contains vectors of all “directions” in R?). In general, shifting C' by any ||z| < 1 means
C' — z contains vectors of all “directions” so N¢(z) contains only the zero vector.

Now let ||z|| = 1 or equivalently C' contains x as a boundary point, e.g., x = (1,0) in the
right graph. For u € R? to be in the normal cone N¢((1,0)), v has to form a right or obtuse
angle with every ¢ € C'— 0 = C. In our case, any vector in the right-half of the z, y-plane
can satisfy this constraint. In general, we see that the vectors in the normal cone are in the
same direction as x itself, so we take all non-negative scalar multiples of z.

Finally, when = ¢ C, the normal cone N (x) is the empty set.

1.109. Study these two examples carefully as they will help you gain intuition for the
next two results.
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1.110. Lemma: Let C be a non-empty closed convez subset of R™ and x € C. Then
n € No(z) <= VteTo(z): (n,t) <O0.

Proof. (=) Let n € No(x) and let t € T(x). Recall that Te(x) = @one(C — x). Therefore,
there exists A\, > 0, (tx)ren in R™ such that

Vke N :x+ Mt € C, t, =t
Since n € Ngo(z) and © € A\t € C, we learn that
VEk € N: (n, A\, tg) = (n,x + Mty — x) <0.
Since A\p > 0 for all k,
Vk e N :(n,tx) <0.
This implies that (n,t) <0 as desired.
(<) Suppose that (n,t) <0 for all t € Tx(x). Let y € C and observe that y — x = T (x).
Indeed, y — x € C — z C cone(C' — x). Therefore, (n,y — ) < 0 which gives n € No(z). O

1.111. Theorem: Let C' C R"™ be convex with non-empty interior, and let x € C. Then
z € int(C) <= To(z) =R < Ne(z) = {0}.

Proof. <L : Observe that z € int(C) <= 0 € int(C — z). Applying Lemma 1.92 with C'
replaced by C,, we get

0 €int(C —x) <= cone(C —x) =R" <= Tp(z) =R".
«Zs . Our previous lemma combined with (1) yields
n € No(z) <= VteTo(z) =R": (n,t) <0 < n=0.

Hence, N¢(z) = {0}. Conversely, suppose Ne(x) = {0}. It is clear that 0 € T(x). Pick
y € R™. We claim that y € Te(x). To see this, recall that T (x) is a closed convex cone, so
P = Pr.(y) exists and is unique. Moreover, it suffices to show that y = p € T (z).

Indeed, by the projection theorem,
(y—pt—p)<0
for all t € Te(z). In particular, it holds for t = p, 2 € To(z) (To(x) is a cone). So
(y—p,2p) <0 = (y—p,p) =0.

But then (y —p,t) < 0 for all t € To(z), which implies that y — p € Ng(z) = {0} and
y=p € Tc(x) as desired. .

27



CHAPTER 1. CONVEX SETS

1.112. Remark: As an exercise, let us show that = € int(C) = N¢(z) = {0}. First,
if x € int(C), then there exists some ¢ > 0 such that B(x;e) C C. Let v € Ng(x). By
definition, (v,c — z) < 0for all ¢ € C. For sufficiently small ¢ > 0, we have x+tv € B(z;¢) C
C. Then (u,z +tv —x) < 0= t(u,v) <0 = |[v||* <0 = v=0. Thus, No(x) = {0}.

1.113. Theorem: Let Cy,Cy C R™ with ri(Cy) Nri(Cy) = &. Let x € C1 N Cy. Then

Neyney (2) = Ney (x) + Ney (2).
Proof. (2) By definition, we have

R ) <
Ne(z) = {{u € | SUpeee (¢ — z,u) <0} zeC

1%} x g C

{u € R" | supyep (d —z,u) <0} xz€D

Np(z) == {@ aep v dD
u € R™ | su —z,u)y <0y ze(CND
NCﬂD(x) — {; | pyGCﬂD <y > } N ¢CmD

First, if v ¢ C or ¢ ¢ D, then N¢(x) + Np(z) = @ (direct sum with empty set is empty)
and Nenp(z) = @ by definition. This case is done. Now suppose © € C N D. Let w €
Ne(x) + Np(z) and write w = we, wp with we € Ne(x) and wp € Np(x). By definition,

SUP<y—I,wc> SO? sup(y—:z:,wp>§0
yel yeD

Fix u € R™. Observe that

sup (y —x,w) = sup (y —,we + wp)
yeCND yeCND

= sup ({y —z,wc) + (y — 2, wp))
yeCND

= sup (y—z,wc)+ sup (y—z,wp)
yeCnND yeCnD

J/ J/

-~

~~
<0 <0

<0 we € Ne(x),wp € Np(z).
By definition of normal cone, w = we + wp € Nenp(z) as desired.

(C): Let x € C1NCy and n € Neyne, (z). By definition of the normal cone, for all y € C1NCy,
we have (n,y —x) < 0. We wish to show that = can be written as a sum of z; € N¢, (z) and
x9 € Ng, (). Define

By = epi(dc,) = C1 x [0,00) CR™ x R
E2:{(y,04)|y602,04§ <n’y_x>} ng % R.

Using Fact 1.70 (ri(Cy @ Cs) = ri(Cy) @ ri(Cy)) with Cy replaced by [0,00) C R, we get
ri(Ey) = ri(Ch) x (0, 00).
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One can also show that

ri(E2) = {(y,a) | y € ri(Cy),a < (n,y — x)}.

We claim that ri(E;) Nri(F2) = @. Indeed, suppose for contradiction that 3(z, ) € ri(E;) N
ri(E2). Then 0 < a < (n,z —z) < 0, contradiction. Thus the claim holds. Applying Fact
1.83 with C;’s replaced by FE;’s yields there exists (b,7) € R™ x (R \ {0}) such that

V(z, o) € By, V(y, B) € Bz : ((z,a), (b, 5)) < {(y,0), (b,7))

Equivalently (written component-wise),

V(z,a) € E,V(y,B) € Bzt (x,b) + ay < (y,b) + 7. (1.5)
Moreover, there exists (z, &) € Ey, (3, 3) € Ey such that
(z,b) +ay < (4,b) + 8. (1.6)

We claim that v < 0. Indeed, observe that (z,1) € Ey, (z,0) € Es, so by (1.5), we obtain
(x,b) +~v < (z,b) = v <0.

We now show that v # 0. Suppose on the contrary that v = 0. Observe this implies that
the (1.5) and (1.6) become: there exists b # 0 such that

Vo e C, Yy € Cy: (x,b) < (y,b)
dz € C1,3y € Cy: (Z,b) < (y,b) .

That is, C; and Cy are properly separated. By Fact 1.83, we learn that ri(Cy) Nri(Cy) = &,
contradiction. Thus, v < 0.

We now show that

b b
NC&OC’Z(m) on = —5 + <n+ ;) .
~—
€N¢, (z) ENg, (x)
We claim that
Yy e Cy:(b,y) < (b,x). (1.7)

Indeed, observe that Vy € C; : (y,0) € Ej, and by definition of Es, (x,0) € E;. Therefore,
(1.5) yields (1.7). This implies that b € N¢, (z). Hence,
b

1
—— = —=b € Ng (2).
~ ~y Cl()

Finally, (x,0) € Ey and Yy € Cy : (y, (n,y — x)) € Ey. Therefore, (1.5) yields
Vy € Cy: (byx)y < (byy) +~(n,y—x).
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Equivalently,
b
Yy € Cy: <—+n,y—x> <0.
f‘)/
Therefore,

b
; +n € Ng,(z).

Altogether, we conclude that

b b
n = —;+; +n € N¢, (z) + Ne, ().

1.114. Example: The condition ri(C}) Nri(Cy) = & is necessary. Consider
Ci={(z,\) €eR?*: 2 € R\ > 27}
Cy={(z,\) eR?*: 2 € R\ < —2?}
Geometrically, C} is the epigraph of f(z) = z? and C, is the reflection of C over the z-
axis. Let 2 = (0,0). It’s easy to see that N¢,(z) is the low-half of the y-axis and N, (z)

is the upper-half of the y axis. Since C; N Cy = {(0,0)}, N¢,ne,(z) = R%  However,
Ng, (z) + Ng,(x) = {0} x R does not equal to R%. This is because ri(C}) Nri(Cy) = @.
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Section 1. Definitions and Basic Results

2.1. Definition: Let f : R" — R := [~00, +oc] (extended R). The epigraph of f is
epi(f) = {(z, @) |a > f(z)} CR" xR

2.2. Intuition: Recall the graph of f : R™ — R is given by G(f) = {(z, f(z)) | x € R"}.
The epigraph of f is the set of points lying on or above the graph of f.

2.3. Definition: A function f is convex if its epigraph epi(f) is convex.

2.4. Intuition: Take any two points on or above a convex function. The line segment
connecting them should also be on or above the function (i.e., contained in epi(f)).

f(z) Epigraph f(z) Epigraph
1
I
! 1 P
| | ! P
: L, ! R
< > t e > —
Convex function Nonconvex function

Figure 2.1: Effective domain of convex and non-convex functions.

2.5. Definition: Let f:R™ — R. The (effective) domain of the function is given by

dom(f) ={z € R" | f(x) < c0}.

2.6. Intuition: The effective domain of a function is the projection on R™ of the epigraph
of f. Suppose we would like to minimize a function f : ¢ € R" — R over R". We can
extend it to a function f* : R” — R by letting f*(x) = f(x) for z € C and f*(z) = oo for
x ¢ C. The resulting function is f* : R” — R with an effective domain C'.

2.7. Proposition: The (effective) domain of a convez function is convet.

Proof. Consider the linear map L : R™™' — R" (z,«a) — x. Then L(epi(f)) = dom(f).

Since convexity is preserved under linear transformations, dom(f) is convex. O

2.8. Since we allow the function to take the value oo, we want to avoid having co — oo.
This leads us to the following definition.
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2.9. Definition: A function is said to be proper if dom(f) # @ and f(x) > —oo for
all x € R™. Otherwise, f is said to be improper.

2.10. Intuition: A function is proper if its epigraph

e is non-empty, i.e., f(x) < oo for at least one x, or equivalently, dom(f) # &, and
e contains no vertical lines, i.e., f(z) > —oo for all z.
Put another way, a proper convex function on R™ is a function obtained by taking a finite

convex function f on a non-empty convex set C' and then extending it to all of R™ by setting

f(z) =00 for x & C.

2.11. Theorem (Jensen’s Inequality): Let f: R™ — R. Then f is convex iff
Ve, y € dom(f),YA € (0,1): fAz+ (1 = Ny) < Af(x) + (1= N)f(y).

Proof. In most of the subsequent proofs, we will need to first handle the case where f is
improper (unless it’s given that f is proper in the statement). So if f(x) = oo for all z, then
epi(f) = @ and dom(f) = &; the conclusion follows trivially. Now suppose dom(f) # @.

(=) Let @,y € dom(f) and A € (0,1). Then (z, f(z)), (y, f(y)) € epi(f). By convexity of
epi(f), we get Mz, f(x)) + (1 =)y, f(y)) = (Mz)+ (1 =Ny, Af(z) + (1= A)f(y)) € epi(f).
By definition of epigraph, we get f(A(z) + (1 — AN)y) < Af(z) + (1 — A)f(y) as desired.

(<) Suppose the inequality holds. Let A € (0,1) and (x, ), (y, ). Then by definition of
epi(f), f(z) < aand f(y) < B. Then f(a—+(1—\)y) < Af(z)+ (1N f(y) < Aat(1-\)B.
Note the last inequality is valid as both A and (1 — \) are positive. By definition of epigraph,
this implies that (Az + (1 — XNy, da+ (1 —a)B) = Mz, a) + (1 = AN)(y, B) € epi(f). It follows
that epi(f) is convex and thus f is convex. O

2.12. Definition: Let f : R™ — (—o0, 00| be proper. Then
e f is strictly convex if Jensen’s inequality is strict, i.e.,
Va,y € dom(f), VA € (0,1) : f(Az + (1 = A)y) < Af(x) + (1= A)f(y)

e f is strongly convex with constant g if for some g > 0, we have

Ve, € dom(f), YA € (0,1)  FO+(1-N)y) € A () +(1-N) 1)~ M1Vl

2.13. Intuition: Recall that geometrically, convexity means that the line segment be-
tween two points on the graph of f lies on or above the graph itself. Strict convexity means
that the line segment lies strictly above the graph of f, except at the segment endpoints.
Convexity is like being at least as convex as a straight line; strong convexity is like being
at least as convex as a quadratic.

2.14. Fact: Strong convexity = strict convexity = convezity.
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Section 2. Lower Semicontinuity

2.15. Semicontinuity is a property of extended real-valued functions that is weaker
than continuity. We say f is upper/lower semicontinuous at a point z; if, roughly
speaking, the function values for arguments near xy are not much higher/lower than f(x).
In particular, if f is continuous, then f is upper and lower semicontinuous.

2.16. Definition: A function f is lower semicontinuous (Isc) if epi(f) is closed.

2.17. Example:

—————————

|

continuous lower semicontinuous NOT lower semicontinuous

Figure 2.2: Examples (and counterexample) of lsc functions.
e The continuous function fi(x) = 22 + 1 in green is clearly lsc.

e The function obtained by moving the point (0,1) to (0,0), i.e.,

po= o

is also Isc. Its epigraph is the union of epi(f;) and the line segment {(0,y) |0 <y < 1}
which is clearly closed.

e The function obtained by moving the point (0,1) to (0,4), i.e.,

B >+1 x40
ﬁ@ﬂ_{4 r=0

is no longer lsc. The dotted line is no longer in the epigraph, so epi(fs) is not closed.

2.18. Example: Another good example is to consider

ﬂ@:{a z <0 ﬂ@:{a <0

1, x>0 1, x>0

Exercise: Exactly one of f, g is Isc. Which one is it?
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2.19. Note: Here’s an alternative definition that is useful in proofs. Let f : R* — R
and x € R". Then f is lower semicontinuous at z if for every sequence (x,),en in R™,
x, — v = f(x) <liminf f(z,). We say f is Isc if f is Isc at every z € R™.

2.20. Definition: Let C' C R™. The characteristic function of C at x € R™ is

R

2.21. Intuition: Clearly, dc is proper whenever C' # @. Note from an optimization
point of view, this function do “favours” elements in C, in the sense that it assigns a “cost”
of 0 for any = € C' and “penalizes” the elements not in C' by giving them a “cost” of oc.

2.22. Theorem: Let C C R™. Then the following hold.

1. C# @ <= ¢ is proper.
2. C is convex <= O¢ 1S conver.
3. C is closed <= ¢ is Isc.

Proof. Claim 1 and 2 are easy (see A2). For 3, observe that C' = @ <= epi(d¢) = @ which
is closed. Now suppose C' # @.

(=): Suppose C' is closed. We want to show that epi(d¢) is closed. Let ((x,,a,))nen be
a sequence in epi(dc) such that (x,,q,) — (z,a). By component convergence, (x,)nen
is a sequence in C' with =, — z. Thus, z € C as C is closed. Moreover, (a;,)en IS a
sequence in [0, 00) and «,, — «, so a > 0. Indeed, Vn € N,0 = d¢(x,) < a,. Consequently,
0 = ac(x) < « which implies that (x,«) € epi(dc).

(«<): Conversely, suppose that ¢ is Isc. Let (z,)nen sequence in C' with z, — z. We want
to show that € C. By definition of d¢, it suffices to show that dc(x) = 0. Observe that

0 < dc(z) < liminfdo(x,) = 0 where the second “<” follows from the fact that o is lsc.
Hence, dc(x) =0 and z € C. O

2.23. Remark: So why do we like the indicator function? Suppose f is convex, lIsc, and
proper, C' is convex, closed, and non-empty. Consider the minimization problem given by

(P) = min f(z)
st. reCCR™

Observe that P is equivalent to

min h(z) := f(z) + dc(z) =

zER™

flx) zeC
00 x ¢ C

Good news. The problem is now “unconstrainted” minimization of “a sum of two” functions.
Bad news. f is not necessarily smooth and éy is NOT smooth (whenever C' # R™).
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2.24. The supremum among a family of Isc, covnex function is Isc and convex.

2.25. Proposition: Let I be an indexed set and (f;)icr be a family of lsc, convex func-
tions on R". Then sup,c; fi is convex and Isc.

Proof. Set F' = sup,¢; f;. We claim that epi(F) = (),c; epi(fi). Indeed, let (z,a) € R™ x R.
(2,) € epi(F) <= sup fi(z) <
el
— Viel: fi(r) <

< Viel:(z,a) €cepi(fi) < (z,a)€ ﬂepi(fi).
i€l
Since all f; is Isc/convex, all epi(f;) is closed/convex. Since epi(F') is the intersection of
closed/convex sets, it is closed/convex and F' is Isc/convex. O

2.26. The following two Propositions tell us that non-negative weighted sums of convex
functions are convex. Lower-semicontinuity is preserved under positive scalar multiplication.

2.27. Proposition: Let I be a finite indezed set and (fi)ier be a family of convex func-
tions from R™ to R. Then Y .., fi is conves.

2.28. Proposition: Let f be convex and lsc and let A > 0. Then \f is convex and lsc.
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Section 3. The Support Function

2.29. Motivation: Recall a hyperplane in R" is a subspace of dimension n — 1. For
example, a hyperplane in R? is a line, e.g.,

y=2r—6 < 20+ (-1)y=6 < {((2,-1),(x,y)) = 6.
More generally, a hyperplane in R" is determined by a single linear equation of the form
T+ T, =b = (a1,...,a,)" (21,...,2,) = (a,x) = b.

You should compare the roles of a to (2,—1), x to (z,y), and b to 6. In words, fix a € R"
and b € R, any vector x € R" satisfying (a,x) = b lies on the hyperplane

Hap = {x| (a,x) =b}.

In particular, a and b together specify a unique hyperplane.

2.30. (Cont’d): A supporting halfplane of a set S C R" is a hyperplane such that:

1. S is entirely contained in one of the two closed halfspaces bounded by the hyperplane;
2. S has at least one boundary-point on the hyperplane.

Let C' C R" be a non-empty convex set and ¢y be a boundary point of C'. The support-
ing hyperplane theorem states that there exists a hyperplane passing through ¢, and
containing the set C' in one of its halfspaces, i.e.,

Ju e R"\ {0} : Ve e C: (c,u) < {c,co) := bey,
(note this u here corresponds to the vector a above) or equivalently,

Ju € R™\ {0} : sup (c,u) < (¢, cp) := be,-
ceC

We can prove this using the separating hyperplane theorem. Let ¢y be a boundary point of
a convex set C'. Then int(C) N {cy} = @ and you can find a separating hyperplane between
int(C') and {cq}, which is a supporting hyperplane for C'. Let us formalize this definition.

2.31. Definition: Let ¢ C R™ and ¢y be a boundary point of C. A supporting
hyperplane to set C at ¢ is given by
{z | (u, 2) = (u, co) = bey }
where u # 0 and (u,¢) < (u,co) = b for all ¢ € C. We can denote this hyperplane by H,,

begy -

2.32. Geometrically, the support function o4 of a non-empty closed convex set C' in
R™ describes the (signed) distance of supporting hyperplanes of C' from the origin. Let us
give the definition first and then explain in details.
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2.33. Definition: The support function of C' C R™ is given by
oc - R™ — R
w +— sup (¢, u) .
ceC

2.34. Intuition: Let C' C R™ be convex and consider some arbitrary u € R™. Suppose
we wish to find out how much (measured by signed distance) we need to shift the hyperplane

H,o={c| (u,c) =0}
so that H,, o becomes a supporting hyperplane of C'. Equivalently, we want some ¢y € C' so that
Vee C: (u,c) < (u,co) =: be,

holds with equality assumed at least once. This is exactly what the support function does!
Given u € R™, the support function finds the supremum value of {(c,u) among all ¢ € C' and
this value is the scalar b., that together with w € R™ defines a supporting hyperplane of C.
This is what we meant by “describing the (signed) distance of supporting hyperplanes of C'
from the origin.”

2.35. (Cont’d): In some sense, the support function is a tool for a dual representation
of the set as the intersection of half-spaces. Recall that for any u € R™,

C C{c|(u,c) <oo(u)}.

Staring from any non-convex C' C R™. the intersection of these supporting hyperplanes is
the closure of the convex hull of C'. In the case where C' is convex, the convex hull of C' is
exactly itself, i.e., for a convex C' C R",

C= ﬂ {c] (u,c) <oc(u)}.
ueR™

Therefore, any non-empty closed convex set C' is uniquely determined by oc. Furthermore,
oc¢ is compatible with many natural geometric operations, including scaling, translation,
rotation, and Minkowski addition:

e Va>0,x € R": 0g,0(x) = aoe(x).

o Vx,d € R": 0cia(x) = oc(z) + (x,d).

o Vz € R" :0¢c p(x) = oc(x) + op(z).

2.36. Proposition: Let C' C R" be non-empty. Then oc is convez, lsc, and proper.

Proof. Let ¢ € C' and set f, : R™ — R,z + (x,c). Then f. is proper, (Is) continuous, and
convex. (In fact, f. is linear.) Moreover, ¢ = sup..c f.. Now combine with Proposition
2.25 to learn that o¢ is convex and Isc. To see it’s proper, observe that since C' # O,
oc(x) = sup.ec (0,¢) = 0 < oo. Hence, 0 € dom(ox) # @. Moreover, let ¢* € C. Then
oc(u) = sup.ce (u, c) > (u, c*) > —oo for all u € R™. It follows that o¢ is proper. O
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2.37. Example: Let C' = [a,b] C R;. Then

b
Ve € R:oc(x) = sup (¢,x) = sup cx v
c€la,b] c€la,b] ax

2.38. Example: Let C'=[0,00) C R. If 2 <0, then

oc(z) = S[lolp ) (c,z) = 81[1pb] cx = 0.
ce€|0,00 cela,

If x > 0, then

sup cr = oo.
c€[0,00)

x>0
<0

Hence, dom(o¢) = (—00,0]. Moreover, for all z € (—00,0), oc(z) = 0.
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Section 4. Minimizer of Convex Functions

2.39. Let f: R™ — (—00, 0] be proper and let z € R™.
e 7 is a local minimum of f if there is § > 0 so that ||z — Z|| <0 = f(Z) < f(z).
e 7 is called a global minimum of f if Vo € dom(f) : f(z) < f(z).

Analogously, we define local and global maximum.

2.40. Definition: Let f : R™ — (—o0, o0] be proper and € R™. Then z is a (global)
minimizer of f if f(z) = min f(R™) € R. The set of minimizers of f is denoted arg min(f).

2.41. Proposition: Let f : R™ — (—o0,00| be proper and convexr. Then every local
manimaizer of f is a global minimizer.

Proof. Let x be a local minimizer of f. Then there exists p > 0 so that

f(x) = min f(B(z; p)).
We wish to show that x is a global minimizer of f, i.e.,

Vy € dom(f) : f(z) < f(y).
Let y € dom(f). Observe that if y € B(z;p) (or ||z — y|| < p), then f(x) < f(y). Now
suppose that y € dom(f) \ B(z;p). Observe that
__r
[ =y
Set z = Az + (1 — \)y € dom(f). Moreover,

A=1 € (0,1).

z—r=Xx+(1-ANy—=z
=1 =Ay—-(1=XNz

= (1 =Ny —=)
= [z =zl = (1 =Ny — 2]
= (1 =Ny — =l
__ P _
= ——lly—zl =p.
ly — x|

Thus, z is on the boundary of the closed ball B(z;p), so z € B(x; p). Moreover, because f
is convex, it follows from Jensen’s inequality that

flw) < 1(2) L Ble.p)
= [z + (1= XN)y)
<A f(z)+ (1 =N f(y) Jensen/Convexity of f.
Hence, (1 — ) f(z) < (1 — A)f(y) and because A € (0,1), we have f(z) < f(y). Thus, any
local minimum is in fact a global minimum. 0
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2.42. Proposition: Let f : R™ — (—o0,00] be proper and convex and let C C R™.
Suppose that x is a minimize of f over C such that x € int(C). Then x is a minimizer of f.

Proof. Since x € int(C), there exists ¢ > 0 so that B(x;¢) C C. Since z is a minimizer
of f over C' D B(x;¢), we have f(x) = inf f(B(x;¢)). That is, x is a local minimizer of f.
Combine with Proposition 2.41 gives the desired result. 0
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5. CONJUGATES OF CONVEX FUNCTIONS

Section 5. Conjugates of Convex Functions

2.43. Definition: Let f : R™ — R. The Fenchel-Legendre conjugate (or convex
conjugate) of f is defined to be

f*:R™ =R

T xselﬁ%pm{(u,@ — f(x)}.

2.44. Remark: We immediately see that f* is a convex function, since it is the pointwise
supremum of a family of convex functions of y. This is true whether or not f is convex.
Below we give some intuition. Each paragraph should make sense on its own.

2.45. Intuition: Geometrically speaking, the function ¢,(-) = (u,-) is a line goes
through the origin, and f* looks for the maximum (signed) distance between £,(-) = (u, -)
and the convex function f. If f is differentiable, this occurs at a point u where f'(u) = u. For
example, given a fixed u, the blue line is £,(-) = (u,-) and the maximum (signed) distance
between this line and the green curve f is attained at the x-coordinate of the purple line.

P

¥
fw)

(‘/d)

2.46. Intuition: Recall that a closed convex set C' is the intersection of all closed
halfspaces that contain C'. Applying this idea to the epigraph of a closed convex function f,
we see that f is the supremum of all affine functions that are majorized by f. For any given
slope u, there may be many different constants b such that the affine function (u,x) — b is
majorized by f. The convex conjugate gives us the best such constant, i.e., for any u € R™,
(u, x) exceeds f(x) by at most f*(u). Equivalently, so (u, z)— f*(u) exceeds f(x) by at most 0.
Therefore, we have f(x) = sup,cpm{(u, ) — f*(u)} <= f*(u) = sup,epm {{(u, ) — f(x)}.

2.47. (Cont’d): In case you want more math, observe that

(u, f*(u)) € epi(f*) <= V(z, f(2)) € epi(f) : [*(u) = (u, ) — f(2)
Rewrite the inequality as f(z) > (u,x) — f*(u) and think of the affine functions on R™ as
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parameterized by pairs (u, f*(u)) € R" x R, we can express this as

(u, [*(w)) € epi(f*) = Llupr) < [ lupeu)(@) == (u, ) — f*(u).

Since the specification of a function on R” is equivalent to the specification of its epigraph,
this means that f* describe the family of all affine functions majorized by f. Simultaneously,

[rw) = f*(v) <= V(z, f(z)) € epi(f) : [*(u) = Lo, s()(v)-
In other words, f* is the pointwise supremum of the family of all affine functions ¢, f(,) for
all (z, f(x)) € epi(f).
2.48. Proposition: Let f : R™ — R. Then f* is convex and Isc.
Proof. Observe that if f = o0 <= domf = &. Then

fH(u) = sup ((z,u) — f(x)) = sup ((z,u) = f(x)) = —o0

rER™ zedom(f)
and f* = —oo is Isc and convex. Now suppose that f # oo. We claim that
Yu e R™: f*(u) = sup ({z,u) — «).
(z,00)Eepi(f)

Let uw € R™. First, for all (z,a) € epi(f), we have

(x,u) — f(z) > (x,u) — a.

Hence,

sup ((z,u) — f(z)) = sup  ((z,u) — ).
z€R™ (z,0)€epi(f)

On the other hand,
G ={(z, f(2)) | v € dom(f)} € epi(f).

Hence,

sup ((z,u) — f(x)) = sup ((z,u) = f(x))

reR™ zedom(f)
= sup  ((z,u) — f(2))
(z.f(z))eC
< sup ((zu) — ) epi(f) € G.

(z,a)€epi(f)

Combine both directions, we prove the claim holds. This implies that

ffw)=sup  ((z,u)—a)=1 sup (flza(u))

(z,a)€epi(f) (z,a)€epi(f)

Since f(z.a) = (2, ) —a is affine and thus Isc and convex, by Proposition 2.25, the supremum
of the family of convex lsc functions is also convex and lsc. O
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5. CONJUGATES OF CONVEX FUNCTIONS

2.49. Example: Let p > 1 and set ¢ = [%. Let f: R — R given by

f:xwm.
p
We show that f*: R — R is given by
f*:uwm.
q

Let ©w € R. Then

F* () = sup(zu — £(z)) = sup (u - %) = supg(a).

zeR z€R z€R

Taking its derivative, we get
() = u— Pl x>0

’ (=t = (el @ <0

If u > 0, then setting ¢'(z) = 0 yields P! = u and x > 0; equivalently,
v = ur.
If u < 0, then setting ¢'(x) = 0 yields u = —(|x])P~! and z < 0; equivalently,
Ju| = —u = |2P7.
Altogether,
o] = |u|7T,  sign(z) = sign(u).

Hence,

f*(u) = sup(zu — f(x))

z€R
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2.50. Example: Consider f: R — R, f(z) = e”. We claim that

uln(u) —u u>0
fHu) =140 u=0

00 u<0

Let uw € R. Then f*(u) = sup,eg(zu — €”) =: sup,cp g(z). Note that g(z) is differentiable.

Hence, if u = 0, then f*(u) = sup,ep(—€®) = 0. If u > 0, then f*(u) = ulnwu — u. Indeed,

g (z) = u—e". Setting ¢'(x) =0 gives e =u <= x =Inu. Now if u <0, ¢'(x) < 0 for all

x € R. Therefore, g(x) is decreasing on R. It follows that sup,cp g(z) = lim, o g(z) = 00.
2.51. Proposition: Let C CR™. We claim that 6§ = o¢.

Proof. Recall that

ac<x>:{0 TEC o o(z) = sup iz, ).

oo ¢’ yeC
Now,

oc(u) = zlelg(@, y) —oc(y)) = sup (z,y) .
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6. THE SUBDIFFERENTIAL OPERATOR

Section 6. The Subdifferential Operator

fw)

f(@) + Vi) (y — =)

, f(x))
(Vf(z),-1)

2.52. Motivation: Recall that for any convex and differentiable f, we have
Va,y: f(y) > fla) + (V@) y — ).
A convex, differentiable function f has for all x € R™ an affine minorizer such that:

e The slope of the affine function is defined by V f.
e The affine function coincides with function f at x.
e The affine function defines a normal (V f(z), —1) to the epigraph of f.

What if our function is non-differentiable?

2.53. (Cont’d): A subgradient of a function f at x is any s € R™ such that
Va,y: fly) 2 flz) + (s,y — ).
Each subgradient s € R™ defines an affine minorizer to the function such that:

e The slope of the affine function is define by s.
e The affine function coincides with function f at x.

e The affine function defines a normal (s, —1) to the epigraph of f.

Note the notion of subgradient does not restrict to convex functions.
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2.54. (Cont’d): The operator 0f is called the subdifferential operator, which is a
set-valued operator that maps each x to the set of subgradients of f at z, denoted Jf(z).
There can be zero, one, or many subgradients at each point x € R", depending on the
behavior of the function:

e If f is differentiable at x, then 0f(x) = {V f(z)}.

e If f is proper and convex, then Vz : 0f(x) # @ i.e., f is subdifferentiable for all x.

e If fisnon-convex, then we could have x such that f is differentiable at x but df(x) = .

2

T3
Tl

o df(x1) ={0},Vf(z1) =0

e 0f(22) =2, Vf(x2) =0

o 0f(z3) =@, Vf(x3) =0
In particular, gradient is a local concept (recall the definition of differentiability) but sub-
gradient is a global concept (the inequality has to hold for all x).

2.55. Definition: Let f: R™ — (—o0, 00| be proper. The subdifferential of f is the
set-valued operator !
of :R™ = R™
r—={ueR™ |Vy e R™: f(y) > f(x) + (u,y — x)}.
Equivalently,
u€df(xr) < VyeR": f(y) > f(z)+ (u,y — x) .

Let x € R™. Then f is subdifferentiable at x if 0f(x) # @&. The elements of df(x) are
called the subgradient of f at x.

"'We use = to denote a set-valued operator. Recall — denotes a point-to-point operator, e.g., the projec-
tion operator. Here each point x € R™ is mapped to a set in R™.
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6. THE SUBDIFFERENTIAL OPERATOR

f(@) = |=| 0f(z)

2.56. Example: Let f : R — R, z +— |z|. Then

{-1} z<0
of(x) =< [-1,1] =0
{1} x>0

2.57. Fermat’s rule tells us that x is a global minimizer of f iff 0 is a subgradient of f at
x. When f is differentiable at x, then this goes back to Calc I where we find local extrema
using the first derivative test. Fermat’s rule holds also for non-convex functions. However,
we can typically only hope to find local minima as they are not as nice as convex functions.

2.58. Theorem (Fermat): Let f: R™ — (—o0, 00| be proper. Then
argmin(f) = {x € R™ |0 € 0f(z)} =: zer(9f).
Proof. Let x € R™. Then

r €argmin(f) <= Vy e R™: f(x) < f(y)
— VWEeR™:(0,y—=) + fz) < f(y)

<~ 0€0f(x).
O
2.59. Lemma: If f: R™ — (—o00, 00| is proper, then dom(9f) C dom(f).
Proof. Contrapositive. Suppose x ¢ dom(f). Then f(z) = oo and 9f(z) = @. O

2.60. The subdifferential of the indicator function at x is exactly the normal cone N¢(z).

2.61. Proposition: Let C' C R™ be convex, closed, and non-empty and x € R™. Then
Proof. Let u € R™ and z € C. Then

u € de(x) <= Yy e R" : oc(y) > de(x) + (u,y — x)
— YyeC:éc(y) > dc(x)+ (u,y — )
— VyelC:0>(u,y—1z) < u€ No(z).
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Section 7. Calculus of Subdifferentials

2.62. Motivation: Recall the gradient operator is linear. Let f,g: R™ — (—o00, 0] be
proper and let x € R™. Suppose that f, g are differentiable at . Then

V(f+9)(x) =Vf(z)+ Vy(z).

Now consider the subdifferential operator. Let f, g : R™ — (—o0, 00| be proper, convex, and
Isc, and x € R™. Suppose that f, g are subdifferentiable at x. Is the subdifferential operator
additive?

O(f +g)(x) = 0f (x) + Dg(x)?
2.63. Fact: Let f:R™ — R be conver and proper. Then
@ # ri(dom(f)) € dom(df) :={x | 0f (z) # @}.

In particular,

ri(dom(f)) = ri(dom(9f)), dom(f)= dom(df).

2.64. Recall from the previous section, s is a subgradient of f at x iff the affine function
induced by s defines a normal (s, —1) to the epigraph of f.

2.65. Proposition: Let f: R™ — R be convezx, lsc, and proper; x,s € R™. Then:

(IS 8f(x) — (57 _1) € Nepi(f)(xa f(l‘))
Proof. Observe that epi(f) # @ and convex as f is proper and convex. Let s € R™. Then

(s, =1) € Nepi() (@, f ()

z € dom(f) AV(y, B) € epi(f) : ((y,8) — ( , f(x)), (s, 1))
z € dom(f) AV(y, B) € epi(f) - {(y — 2,8 = f(x)), (s, =1))
Y(y,B) € epi(f) : (y — ;) + f(x )SB

vy € dom(f) : {y — ,5) + f(z) < /(1)

s € df(x).

<= : (=) holds as (y, f(y)) € epi(f); (<) holds as (y, B) € epi(f) < [f(y) < B. O

IA A

0
0

IIMHII
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7. CALCULUS OF SUBDIFFERENTIALS

2.66. We now have the main result of this section. Under the following conditions, the
subdifferential opeator is additive.

2.67. Theorem: Let f,g : R™ — (—o00,00] be convex, lsc, and proper. Suppose that
ri(dom(f)) Nri(dom(g)) # @. Then for all x € R™ we have

df (z) + dg(x) = A(f + g)(=).

Proof. Let x € R™. If x ¢ dom(f) Ndom(g) = dom(f + g) 2 dom(9df) N dom(dg), then at
least one of df(z),dg(x) is empty, so f(x) + dg(z) = @ = I(f + g)(z) and we are done.
Now let € dom(f) Ndom(g) = dom(f + ¢). One can easily verify that (A2)

Of (x) + 9g(x) € O(f + g)(x).
For the opposite direction, let u € J(f + g)(x). The subgradient inequality gives us
Yy eR™: (f+9)(y) = (f +9)(@) + (u,y — ). (2.1)
Consider the closed convex sets
o # E{(z,a,8) e R" xR xR | f(z) < a} =epi(f) xR
@ # Ex{(z,a,0) e R" x R x R | g(x) < B}.
We claim that
(u’_la_l) € NE1ﬂE2(x7f(x)7g($))' (2'2)
Let (y,a,8) € E1 N Ey. Then f(y) < a, g(y) < B, 50 f(y) —a < 0and g(y) — 8 < 0. Now
<(U,, _17 _1)7 (yaaaﬁ) - ('Tv f(x),g(:v))) = <U,y - ZL‘> - (Oé - f(.l?)) - (6 - g(ﬂf))
=(wy—z)+ f(2) +g(x) —a—p
=(w,y—x) + (f +9)(x) — (o + )
S(f+9ly)—a=p (2.1)
= fly) —a+gly) -B<0.
This proves (2.2). Next, we claim that ri(Ey) Nri(Es) # @. Using Fact 1.70, we know that
ri(Ey) = ri(epi(f) x R) = ri(epi(f)) x ri(R) = ri(epi(f)) x R.

Moreover, we can show that ri(Es) = {(z,a,08) € R™ x R x R | g(z) < }. Now let
z € ri(dom(f)) Nri(dom(g)). Thus (z, f(2) + 1,9(2) + 1) € ri(F;) Nri(E,) and

ri(Ey) Nri(Ey) # 9.

Therefore, Fi, Fy are non-empty, closed, and convex, satisfying ri(E;) Nri(Ey) # &. By
Theorem 1.113, we have

Nping, (2, f(2),9(2)) = N, (2, f(2), 9(x)) + N, (2, f(2), g(2))-
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Therefore,

(U,—l,—l) = (Ul,—CY,O) + (U’2707 _B)

ENEl (a:,f(a:),g(:c)) ENEZ (:(:,f(:(:)g(:t:))

Let’s justify the first € (second is similar). Observe that E; = epi(f) x R. Thus,

N, (z, f(x), 9(x)) = Nepi() (2, f(x)) X Nr(g(x)) = Nepi¢r) (@, f(2)) x {0}.
This yields © = u; + us and a = = 1. Hence,
(uh _1) € Nepi(f)((x’ f(ﬁ))
(ug, —1) € Nepi(g)«ﬂfag(x))

Now recall Proposition 2.65. We conclude that uy, € 0f(z), us € dg(x), and hence u =
uy + ug € df(z) + dg(z). The proof is complete. O

2.68. Example: Let f : R™ — (—o0, 00| be convex, lsc, and proper, and let @ # C' C
R™ be convex and closed. Suppose that ri(C') Nri(dom(f)) = &. Consider the problem

(P) :=min f(z)
st. xel

Let z € R™. We claim that Z solves (P) iff 0f(z) N (—N¢(2)) # 2.
Proof. Write (P) as
min { f () + dc(x)}-

zeR™

Observe that f + d¢ is convex, Isc, and proper. By Fermat’s theorem,
T solves P <= 0€ I(f + c)(Z).
Now observe that the relative interiors of the domains of the functions are non-empty:
ri(dom(f)) Nri(dom(d¢)) = ri(dom(f)) Nri(C) # @.
Therefore, by Theorem 2.67, we conclude that

T solves P <= 0€ 0(f +dc)(z) = 0f(Z) + 0dc(Z) = Of(T) + Ne(T)
< Ju € df(Z): —u € No())
> 0f(x) N (=Nc(1)) # 2.

2.69. Example: Let d € R™ and let @ # C' C R™ be convex and closed. Consider

(P) :==min (d,z)
st. xeC

Let z € R™. Since f(x) = (d,z) is differentiable, 0f(x) = d for all z. By the previous
example, Z solves P if and only if —d € N¢(Z).
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8. CONVEXITY AND DIFFERENTIABILITY

Section 8. Convexity and Differentiability

2.70. Note: Recall the following from MATH-247. Let f : R™ — R be proper and
x € dom(f). The directional derivative of f at x in the direction of d is

Flasd) = g [E D IE)

We say f is differentiable at z if there is a linear operator V f(z) : R™ — R™, called the
derivative or gradient of f at x that satisfies

p 1@+ ) — £@) = (V@) |

0#|[y[|—0 |yl

=0

If f is differentiable at x, then the directional derivative of f at x in the directional of d is
f(@d) =(Vf(x),d).

2.71. Note: When f is convex, the function h(d) = (z + d) — f(x) is convex in d, with
h(0) = 0. Thus, we can replace lim with inf and obtain an equivalent definition:

o) — pug T 1) = @)

t>0 t

Note that f’'(z;d) is convex in d and f’(x;d) defines a lower bound on f in the direction d:
Vt>0: f(z+td) > f(z) +tf(z;d).

2.72. Let f be convex and proper and y be a unit vector. The following theorem states
that u is a subgradient of f at z iff the directional derivative of f at x in the direction of y
is bounded below by w. In particular, observe that f’(z;y) is the support function of df(x).
Recall that 0y(2)(y) = suDyeop(r) (U, y). Since f'(z;-) > (u,-) for all u € f(x), we see that
f'(2;y) = supyeppr) (v, y) for all y € R™. This is exactly the definition of oaf(.)(y).

2.73. Theorem: Let f: R™ — R be convex and proper, x € dom(f), u € R™. Then
u€df(x) <= Yy eR™: fl(z;y) = (u,y)
Proof. Using the subgradient inequality, we have
uw€edf(r) < YyeR"VA>0: f(z+\y) > f(z)+ (u,z+ \y — )
>

= W ER™YA>0: f(“Ai)_f(@

flx+Ay) — f(x)
A

— Yy eR™: f'(z;y) > (u,y) .

(u,y)

< Vy € R™, inf > (u,y)
A>0
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Figure 2.3: f'(x;y) is the support function of df(x).

2.74. Theorem: Let f : R™ — R be conver and proper, x € dom(f). If f is differen-
tiable at z, then V f(x) is the unique subgradient of f at x.

Proof. Recall that f'(z;y) = (Vf(z),y) for all y € R™. Let u € R™. Using the previous
theorem, we have

(wedf(x) <= Yy eR™: f'(z,y) > (u,y))
= (uedf(z) <= Yy e R": (Vf(2),y) > (u,y)).

Replacing u by V f(x), this becomes an equality, so we have {Vf(x)} C df(x). Now let
=u— Vf(z), we see that

(Vf(2),u=V[(x)) = (uu—-Vf(z)) < (u=-Vf(r),u-Vf(r)) <0
= |lu=Vf(@)]*=0
— u=Vfx) = 0f(x) S{V/f(2)}

Thus, 0f(x) ={Vf(x)}. O

2.75. For the next result, consider ¢(x) = . Note how ¢’ is increasing and ¢ is convex
on R.

2.76. Lemma: Let¢: R — R be a proper function that is differentiable on a non-empty
open interval I C dom(¢). If ¢' is increasing on I, then ¢ is convex on I.
Proof. Fix ,y € I and X € (0,1). Define ¢/ : R — R,
2 Ao(z) + (1= No(2) — o(Ax + (1 — N)2).
Then ¢'(z) = (1 = N)¢'(2) = (1 = N’ (Az + (1 — N)z) and ¢'(z) = 0 = ¢(x). Since ¢’ is

increasing on I, we have
z<x = Y(2)<0, z2>2 = Y'(2)>0
Therefore, 1) achieves its infimum on I at z, i.e., Vy € I : ¢(y) > ¢(x) = 0. Thus,
Wy € 1 26(x) + (1 - Noly) > o0 + (1 - A)y).

and ¢ is convex on [. 0
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8. CONVEXITY AND DIFFERENTIABILITY

2.77. For the second statement in the next result, consider the linear approximation

L(x) = f(y) + [' )z —y) = fly) +(Vf(y),2 —y).
Since f is convex, the linear approximation is a global lower bound of f, so we see that
f(@) = L(z) = fy) +(Vf(y),z —y).
2.78. Proposition: Let f : R™ — R be proper. Suppose dom(f) is open and convex
and f is differentiable on dom(f). TFAE:

1. f is convex.

2. Va,y € dom(f) : (z =y, VI(y) + f(y) < f(=).
3. Vao,y € dom(f): (x —y,Vf(x)—Vf(y)) >0.

Proof. (1 = 2). Vf(y) is the unique subgradient of f at y. Thus,
Vo € R™,Vy € dom(f) : f(z) = (z —y, V[ (y)) + f(y).

2 = 3). See A2 for a proof in a more general setting.
3=1). Fix z,y € dom(f) and z € R™. By assumption, dom(f) is open, so Je > 0 s.t.

o~~~

y+ (L+e)(zr—y)=v+e(r—y) € dom(f)
= y—c(@—y)=y+e(y—x) € dom(f).

By convexity of dom(f),
Va € (—¢,1+¢) : x4+ a(r —y) € dom(f).
Let C = (—¢,14¢) CR and ¢ : R — R given by
¢(a) = fly + alz —y)) + dc(a).
Then ¢ is differentiable on C' and
VaeC:¢'(a) =(Vf(y+alr—y).z—y).

Now take «, 8 € C' with o < 3. Set

Yo=yFolz—y)ys=y+Bx—y) = ys—va=(B—a)(z—y).
Then

¢'(B) = ¢'(a) =(Vi(y+ Bz —y),z —y) = (Vfly + alz —y),z —y)

= (Vi) —VfWa),z—y)

= ﬁ%a <Vf (yg) -Vf (ya) »Yp — ya>
> 0.

That is, ¢’ is increasing on C'. By the previous Lemma, ¢ is convex on C. Now recall that
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o(a) = f(y+ a(x —y)) + dc(a). Thus, (note that « € C = dc(a) = 0)
floax + (1 = a)y) = ¢(a)

< ap(1) + (1 = a)p(0)

= af(@)+ (1 - a)f(y).

2.79. Example: Let A € R™*™ and set f : R™ — R, f(z) = (x, Az). Then
o Vf(zr)=A+ AT.
o fis convex iff A+ A7 is positive semi-definite.

See A3 for Claim 1. For Claim 2, we use Proposition 2.78:

fis convex <= Vz,y € dom(f): (x —y,Vf(z)— f(y)) <0
— Ve eR":VyeR": (A+ ANz — (A+ A"y, z—y) >0
= VzeR™: ((A+ A")z,z) > 0.
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9. SUBDIFFERENTIABILITY AND CONJUGACY

Section 9. Subdifferentiability and Conjugacy

2.80. Note: Recall that for a function f : R™ — R, the Fenchel-Legendre conjugate
of f is given by
f*:R™ =R

T xselﬁpm{(x, u)y — f(x)}.

Recall that a closed convex set C' is the intersection of all closed halfspaces that contain
C. Applying this idea to the epigraph of a closed convex function f, we see that f is the
supremum of all affine functions that are majorized by f. For any given slope u, there may
be many different constants b such that the affine function (u,z) — b is majorized by f. The
convex conjugate gives us the best such constant, i.e., for any u € R™, (u,z) exceeds f(z)
by at most f*(u). Equivalently, so (u,x) — f*(u) exceeds f(x) by at most 0. Therefore, we

have f(z) = sup,cpm{(u, z) — f*(v)} <= f*(u) = supyepm {(u,z) — f(2)}.
2.81. Proposition: Let f,g: R™ — R. Then
Proof. See A3. O
2.82. Viewing f*(u) as the best (largest) scalar b such that the affine function (u,z) —b
is majorized by f, we immediately see that f(z) > (u,x) — b= (u,z) — f*(u).
2.83. Proposition (Fenchel-Young Inequality): Let f : R™ — R be proper. Then
Vo, u e R™: f(x) + f*(u) > (z,u).

Proof. Observe that the definition of f* yields f = c0 <= f* = —o0. Since f is proper,
f*(u) # —oo for all u € R™. Now let x,u € R™. If f(x) = oo, the inequality clearly holds.
Otherwise, if f(z) < oo, we have f*(u) = sup,cpm ((y,u) — f(u)) > (y,z) — f(x). O

2.84. Recall that each subgradient u € Jf(x) defines an affine minorizer to the f such
that the affine function coincides with f at . Now f*(u) is the largest scalar b such that
(u, r) — b is majorized by f, so we have f(z) = (x,u) — f*(u).

2.85. Proposition: Let f: R™ — R be convez, lsc, and proper. Let x,u € R™. Then
uedf(x) = fla)+ [ (u) = (z,u).
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Proof. Observe that
u€df(z) = Vyedomf:(y—xu)+ f(z) < f(y)
<= Vy edom [ : (y,u) — fy) < (z,u) = f(z) < f*(u)
= ["(u) = sup ({y,u) — f(y)) < (z,y) — f(z) < ()

— fx)+ [ (u) = (z,u)

2.86. Definition: The Fenchel-Legendre biconjugate of f : R™ — R is given by
f*:R™ =R

T yselﬂgg{@, ) — f*(y)}-

2.87. Proposition: Let f : R™ — R be convex and proper with Of(z) # @ at x € R™.
Then f*(z) = f(z).
Proof. Let u € df(x). By Proposition 2.85,

(u,2) = f(z) + [ (u) = flx) = (u,z) = [*(u).

Consequently,
= yset]ggn{@,w} > (z,u) — f*(u) = f(z).
Conversely,
[ (x) = yse%g{(y, z) = [(y)}
= yse‘ﬁﬁ{(y’ ) — ZSE%{%W, y) — f(2)}}
= sup{{y.o) + Inf {/(z) =y 2)})
= yselﬁgn{ziggﬂ{f(@ +(y.x —2)}}
< yselﬁg%{f(x) +(y,x — )}
= s f(z) = f(z).
Altogether, f(z) = f**(x). 0

2.88. Fact: Let f : R™ — R be proper. Then f is convex and lsc iff f = f**. In this
case, f* is also proper.
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2.89. Corollary: Let f : R™ — R be convex, lsc, and proper. Then f* is convez, Isc,
and proper, and f** = f.

Proof. First claim: Fact 2.88 + Proposition 2.48. Second claim: Fact 2.88. U

2.90. Proposition: Let f : R™ — R be convez, lsc, and proper. Then
u € df(r) < x€df(u).

Proof. Recall that u € 0f(z) < f(z)+ f*(u) = (z,u). Let g = f*. Then by Corollary
2.89, g is convex, lIsc, and proper. Moreover, ¢g* = f. Hence, ¢g*x = f*. Hence

we df(z) < f(x) + [ (u) = (z,u)
= g"(x) + g(u) = (z, u)
< x € dg(u) = 0f*(u)
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Section 10. Coercive Functions

2.91. Theorem: Let f : R™ — R be proper, Isc, and let C' be a compact subset of R™
such that C Ndom(f) # @. Then

1. f is bounded below over C'.

2. f attains its minimum value over C'.
Proof. Suppose for a contradiction that f is not bounded below over C'. Then there exists a
sequence {, }nen in C such that lim,, o, f(z,) = —oco. Since C' is compact, it is closed and

bounded, so (z,)neny must be bounded. By BW, there exists a convergent subsequence xy,,
that converges to z € C' (C'is closed). Since f islsc, f(Z) < liminf, o f(zy, ), contradiction.

Now let f,in be the minimum value of f over C. Then there exists a sequence (x,),en in C
such that f(x,) = fimin- Since C'is bounded, (2, ),en is bounded. Let Z be a cluster point of
(Tn)nen, say xy, — T € C. Then f(z) <liminf, , f(xk,) = fmin. Hence, T is a minimizer

of f over C. U

2.92. A coercive function is a function that “grows rapidly” at the extremes of the space
on which it is defined on.

2.93. Definition: Let f: R™ — R. Then f is coercive if

| l|i|m f(z) = oc.

f is super coercive if

flz) _

| —oo |||

2.94. Theorem: Let f : R™ — R be proper, lsc, coercive, and let C' be a closed subset
of R™ satisfying C Ndom(f) = &. Then f attains its minimum value over C.

Proof. Let x € C Ndom(f). Since f is coercive,
M > 0: [yl > M = f(5) > f(a).

If Z is a minimizer of f over C, then f(Z) < f(x). Thus, the set of minimizers of f over C'is
the same as the set of minimizers of f over C'N B(0; M). The latter is closed and bounded
so it is compact. Applying the previous result with the set C' replaced by C N B(0; M), we
conclude that f attains its minimum value over C' N B(0; M), say at &. Altogether, 7 is a
minimizer of f over C. U
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Section 11. Differentiability and Strong Convexity

2.95. Intuition: A function is Lipschitz if it cannot change arbitrarily fast. Consider
f iR — R. The slope between two points x,y € R is given by

f@) ~ F)]
|z =yl
If the slope (which measures how fast the function may change) between any x,y € R is
bounded by some constant L € R, i.e.,

vy e R LI < p s 1) - sl < Lo -

We now generalize this to R™.

2.96. Definition: Let T: R™ — R™ and L > 0. Then T is L-Lipschitz if
Va,y € R™ : ||Tz —Tyl| < Lz —yl|.

2.97. Note: Recall the operator norm on the space R™*" is given by
4l = supll el |« € R ol = 13 =sup { 15 e e 20}
Intuitively, we are measuring how “big” an operator A is by looking at how it sends vectors.

2.98. Example: Let A = 0 (positive semidefinite), b € R", ¢ € R, and consider
1
f:R" > R"™ z+ = <ac Azx) + (b, z) + c.

Now observe that |V f(z) = Vf(y)| = [[Az — AyH = [[Alz =)l < [[Alllle =yl ie., V[is
Lipschitz with constant L = ||A]|.

2.99. Example: Let C C R™ be non-empty, closed, and convex. We claim that the
projection operator Pg is 1-Lipschitz. The claim is trivial if C' is a singleton. Now suppose
otherwise. Let © # y € R™. If Po(z) = Po(y), then 0 = ||Po(x) — Pe(y)|| < ||z — vl
Otherwise, if Po(z) # Po(y), then

| Po(x) — Po(y)|?
= (Pe(z) — Pe(y), Po(z) — FPo(y)) = (Pe(x) — Pe(y), Pe(z) —x+y — Po(y) + = —y)
= (Po(z) — Pe(y), Po(r) — x) + (Pe(x) — Pe(y),y — Po(y)) + (Po(z) — Pe(y),z —y)
= (Pe(z) — Pe(y), Po(z) — x) + (Pe(y) — Po(x), Pe(y) — y) + (Po(z) — Pe(y),z —y)

<1 (Po(z) = Po(y), x —y) <o |[Fo(z) — Pe()lllle —yll = [[Pe(z) = Pe()ll < llz -yl

where <; uses the projection theorem (both first and second components are non-positive)
and <, uses CS-inequality.
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2.100. Motivation: Let f be a convex, differentiable function and = € int(dom(f)).
Recall the linear approximation g(y) = f(x)+(Vf(x),y — x) gives a (global) lower bound of
f and intersects f at x. The descent lemma bounds f(y) around x with quadratic functions.
More precisely, it gives us a convex quadratic upper bound on f.

X [1) + V() T(y-x) + (L2)lly=xIP?] )
\ /
A\
A\

f(x) /

10 + VI00T(y )]

2.101. Lemma (Descent Lemma): Let f : R™ — R be differentiable on @ # D C
int(dom(f)) such that V f is L-Lipschitz over D, where D is convezx. Then

Vey e D+ fly) < f(o) + (Vi(x)y— ) + olla — ol
Proof. Let z,y € R™. By the Fundamental Theorem of Calculus,
1
o) = 5(@) = [ (V1@ +tly = ). = o)
1
(VS =)+ [ (Vo +tly =) = VI (o)y i
This implies that

[f(y) = f2) =V [(z),y — )| = /0<Vf($+t(y—x))—Vf(fv),y—a?)dt

< / (VF(z +ty — 2)) — Vf(x),y — 2|t
< / IV (& + by — 2)) — V@) - |y — zdt
0
- / Lliz+t(y — ) — a - 1y — ] dt
1 L
= Lz — y||?dt = =z — y||%.
| e = iPae = e =y

Hence,

F(u) < F@) 4 (VF()y — ) + 2o — ol
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2.102. There are many alternative characterizations for Lipschitz functions.

2.103. Theorem: Let f: R™ — R be conver and differentiable, and L > 0. TFAE:
1. Vf is L-Lipschitz.
2. Vr,y €eR™: fy) < f2) +(Vf(2),y — 2) + 5z —y]*.
8. Vo,y € R™: f(y) > f(2) + (Vf(2),y —x) + 5[V f(2) = VI)I*
4. Yo,y €R™(Vf(2) = V(y),z—y) > 7|V f(2) = V)
Proof. (1 = 2): This is the descent lemma with D = R™.

(2 = 3): WLOG, assume V f(z) # Vf(y) (or the conclusion follows immediately using the
subgradient inequality and the fact that 0f(xz) = {Vf(x)}). Fix x € R™ and define

he(y) == f(y) = f(2) = (Vf(2),y —x).
Observe that h, is convex and differentiable with Vh,(y) = Vf(y) — Vf(z). Then

) = 1) = (0] = (90} 2 2
< )+ V)2 —0) + £z — ol — fa) — {(VF (), 2 )
= F(0) ~ F@) —{VF(),y — ) — (VF(2). 2~ ) + (V). 2 ) + 2]z~
= (o)~ @)~ {VF(),y — ) +(VF () = V).~ )+ 5=~ ol
= huly) + {Vhaly),2 — 1) + ]z~ (2.3

Since h, is convex and Vh,(z) = Vf(z) — Vf(z) = 0, x is a global minimizer of h,. Let
v € R™ with ||v]| =1 and y € R™ with (Vh,(y),v) = ||Vh.(y)||. Since  minimizes h,,

0= hy(z) < h, (y ”VhL( L )

On the other hand, from (2.3), we have

0= hala) < 1o (3~ 0L, )
= haty) ~ O (@) 0) 4 5 1B ol
= aty) ~ Dy 2

= ha(y) — 57 IVha(o)]°

= F0) ~ F@) ~ (Vi(x).y— ) — 5[V () ~ Vg(w)]?

as desired.
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(3 = 4): Using (3), we have
FW) 2 1) +{VF(@),y—2) + 5= V(@) = V)P

Fa) > F0) 4 (VF@).x — ) + 52|V 1) — V)P
Adding them together gives (4).
(4 = 1). WLOG, assume Vf(z) # Vf(y) (or the conclusion is trivial). By (4),
IVf(z) = VIWIIP < L{Vf(x) = V(y),z -y

< LIV (@) = Vil - [l =yl
— [|[Vf(z) =Vl < Lllz -yl

This concludes the proof. O
2.104. Vf is L-Lipschitz iff the operator norm V?f(z) is bounded by L for all x € R™.
2.105. Theorem (Second Order Characterization): Let f : R™ — R be twice continu-

ously differentiable over R™ and let L > 0. Then

Vf is L-Lipschitz <= Vz € R™:||V*f(2)| < L.
Proof. (=) Suppose that V f is L-Lipschitz. Observe that for any y € R™, o > 0,
IVf(z+ay) = V()| < Lz + oy — zf| = aLjyl|

Now

V2 £(2) ()| = lim VL@ F 00) = VI (@]
al0 a
Lijz + ay — z|
m
10 o

=lim Lilyll = Lllyl| = IV2f ()] < L.

<l
Q.

(<): Let |[V2f(2)|| < L and fix x,y € R™. By the fundamental theorem of calculus

Vi) = Vi) + [ TS+ ate )i - ydo

0

=Vf(y) + Uol V2 f(y +a(z — y))d@} (@ —y)

— ||Vf(w)—Vf(y)l|§‘ | ¥t ate = )dal - - )

1
< / IV2f(z + a(w — )| da - |}z — 9| < Ll — o]
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11. DIFFERENTIABILITY AND STRONG CONVEXITY

2.106. Fact: Let A € R™™ be symmetric. Then

411 = st 4] = A
where A1, ..., A\, are the eigenvalues of A.

2.107. Proposition: Let f : R™ — R be twice continuously differentiable. Then f is
convez iff V2 f(x) is positive semidefinite for all z € R™.

Proof. See A3. U
2.108. Corollary: Let f : R™ — R be convexr and twice continuously differentiable. Let
L >0. Then Vf is L-Lipschitz iff Amax(V2f(x)) < L for all x € R™.

Proof. Since f is convex and twice continuously differentiable, V2 f(z) is positive semidefinite
for all z € R™. Combine with the earlier result, we learn that

L > V2 f (@)l = [Anaa(V2F (@) = Amaa (V2 (2)).
0

2.109. Example: Let f : R™ — R be given by f(z) = /1 + ||«]|>. Then f is convex
and V f is L-Lipschitz. See A3.

2.110. We now look at some results related to strong convexity.

2.111. Proposition: Let 8> 0. Then f: R™ — R is B-strongly convez iff f — §|| -2
1S convez.

Proof. See A3. O

2.112. Proposition: Let f,g: R™ — R and 8 > 0. Suppose that f s B-strongly convex
and g is convex. Then f + g is B-strongly convex.

Proof. Define h = f+ g — §|| 2= (f - §|| -1|?) + g. Then h is convex being the sum of
two convex functions. Now apply Proposition 2.111 again with f replaced by f + g yields
the desired result. O

2.113. Fact: Let f : R™ — R be strongly convex and proper. Then f has a unique
MINIMizer.
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Section 12. The Proximal Operator

2.114. Motivation: The proximal operator can be viewed as a generalization of the
Projection operator. (See Proposition 2.118 and Proposition 2.120 for this statement.) Al-
ternatively, evaluating the proximal operator of f at x can be viewed as attempting to reduce
the value of f without straying too far from z. For more intuition, see here.

2.115. Definition: Let f: R™ — R. The proximal operator of f is the operator
prox; : R™ = R™

1
T argmin{f(u) + §||u — :v||2} :

ueR™
2.116. Theorem: Let f : R™ — R be convezx, Ilsc, and proper. Then proxf(x) s a
singleton for all x € R™.

Proof. Observe that for a fixed z € R™, h, := || - —z|* is a (-strongly convex for every
B < 1. Therefore, g, := f + h, is [S-strongly convex for every z € R™. Also, g, is Isc (both
f, hy are 1sc) and proper (both f,h, are proper, dom(f) N dom(h,) = dom(f) NR™ # &).
Therefore, by Fact 2.113, we see that arg min,cgm g, = prox,(z) exists and is unique. O

2.117. The proximal operator of an indicator function of a non-empty, closed, and
convex set is equal to the projection operator of that set.
2.118. Proposition: Let C C R™ be a non-empty, closed, and convex. Then
proxs, = Pc.

Proof. Let x € R™. By definition,

1
p = prox;, (r) <= p = argmin {5C(u) + §||x — u||2}

uER™

1 1
= Yu€R™:dc(p) + Slle = pl* < de(u) + Sl — uf]?

1
= (pe0) YueC: Sle—pl’ < o - ul
— (pel) Yuel:|z—p|<|zr—u
< p= Po(x).
Note we only care about the case where p € C because dc(p) = oo otherwise and the

statement trivially holds. 0

2.119. Note this proposition expands the inequality of the projection theorem. In par-
ticular, we didn’t have f(p) and f(y) back then, because they were simply dc(p) and dc(y)
which evaluate to 0.
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12. THE ProxiMAL OPERATOR

2.120. Proposition: Let f : R™ — R be convez, lsc, and proper. Let x,p € R™. Then
p=rprox;(z) < Yy eR™:(y—p,xz—p)+ f(p) < f(y)
Proof. Let y € R™.
(=) Suppose that p = prox,(z) and set py = Ay + (1 — A)p for A € (0,1). Then
F ) < £ (p2) + 5l = palP = Sz
< f o)+ gl = Ay = (1= Nl — Sl — P
= F o)+ 5le—p=Aly =)~ (e = phw —p = My =) + (=~ p))
= S )+ 5{-My ), 2 —p) ~ Ay )
= 7o) + Sl I = Al —py — )

)\2
= fAy+ (1= X)p) + 7I|y—pll2 — Mz —p,y—p)

<A + (1= V) + 5 Iy~ Pl — Mo~ py )

Rearranging yields

Mz —p.y—p) +Af(p) < Af(y) + A;Ily - pl*.
Dividing by A and taking the limit as A — 0 yields the desired inequality.
(«<=): Suppose that (y —p,z —p) + f(p) < f(y). Then
fo) < fw) = w—px—p) = fly) +{&—p,p—y)
It follows that

F®)+ 5l =9l < Fw) + (@ = p.p =) + e~ I

IN

1 1
W)+ @=pp-y)+5l —pl* + §Hp—y\|2

f
f)+llz—p+p—yl?
fFy) + llz =yl

IN

2.121. Example: Let f: R — R with z — |z|. Then

r—1 z>1
prox;(z) = 4 0 -1<z<1
r+1 < ~—1
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2.122. The following proposition illustrates the usefulness of the proximal operator.

2.123. Proposition: Let f : R™ — R be convez, lsc, and proper. Then x minimizes f
over R™ iff x = prox,(z).

Proof. By Proposition 2.120,
r = prox;(v) <= Yy e R" : (y —x, 2 —x) + f(v) < f(y)
= Vy eR™: f(z) < f(y).

2.124. Example: Let us find the proximal operator for each of these functions:

0 240 h(x):{o x40

f(z) =10, g<$>:{—)\ r=0" A =0

Clearly f is convex and h, g are not.

(1) Let = € R. Since f is convex, Isc, and proper, prox,(z) is the unique minimizer of the
function

f)+ 5= 2P 20

Since f(y) = 0 for all y and (y — z)? is non-negative, the minimizer is y = .
(2) Let x € R. Recall prox,(z) is the minimizer of the function
1 s(y—2)? y#0
k(y) = + ~(y—x)* =12
¥) =9(y) + 5y —2) {%3?2 N g0

Let k* be the minimum value of k(y). First, if 2 < 2, then the first case is non-negative and
the second case is negative, so k* comes from the second case which gives us argminy = {0}.
If 22 > 2], then the second case is strictly positive, so k* = 0 and is attained iff y = = from
the first case. If 22 = 2, then k* = 0 and is attained iff y € {0, 2}. Therefore,

{z} |z| > V2A
prox,(z) = < {0,z} |z| = V2
{0} |z| < V2A
Note this indicates that prox, is not necessarily a singleton in the general case.

(3) We claim that
{z} 2#0

%] =0

o) - {

i.e., prox,(z) is not defined as x = 0. Combine the examples for g and h tells us that
convexity is critical for the proximal operator to be well-defined. See A3.
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2.125. Example: Let f : R — R,z — A|z| where A > 0. Then f is convex. We claim
that for all x € R,

T—A >
prox;(z) = 4 0 A<z <A
T+ < =N

This is known as the soft threshold. The above formula is often written as
prox, (z) = sgn(x)(|z] - \);
where for all y € R,

y y=0
0 y<0

(y)+ = max{y,0} = {

2.126. The components of the proximal operator behave as expected.

2.127. Theorem: Let f : R™ — R be given by
fay,. o am) =Y filz:)
i=1

where each f; : R — R is convez, lsc, and proper. Then

prox;(z) = (prox; (1), ..., prox;, (Tm)).

Proof. By A2, f being the direct sum of convex, Isc, and proper functions is convex, lIsc, and
proper. Let p = (p1,...,pm) € R™. Then

p=prox;(z) <= Yy € R™: f(y) > f(p) + (y —p,z —p)
= WER: fily)+ -+ finlym) = filpr) + -+ + fin(Dm)
+ = p)er —p) + -+ Ym = D) (@ — D)
Setting y; — p; for all i € {2,...,m}, we learn that
Vir € R: filyr) = filpr) + (1 — p1) (21 — p1) <= p1 = prox,, (71).
Similar arguments yield p; = prox;,(z;) for all i € [m]. O

2.128. Example: Let « > 0 and g : R — R be given by
—ady " logz; x>0
g(z) = ' .
00 otherwise

Then

T+ /22 + da "
prox,(r) = 5 .

=1
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Proof. Consider the function f: R — R where

—alogx x>0

VmE]R:f(x):{

00 otherwise

Then f is convex, Isc, and proper. Indeed, f is differentiable for all z > 0 (which is the
domain of f), so it is Isc. Also, f”(z) = a/x* > 0 for all z € R so it is convex. Finally,
f(z) > —oo for all x € R, so dom(f) # & and it is proper. We wish to show that

_:v+\/x2+4oz

prox(z) = 5

Indeed, recall that p = prox;(z) is the unique minimizer of the function

) = 1) + 2y — ) = {—alogw Ly )

00 otherwise

2 y>0

Clearly, h is differentiable on its domain (0, 00). Therefore,

p =prox;(r) <= f'(p) =0

(—alogp+ (p—x)*/) =0

—a/p+p—r=0

pPP—ap—a=0 (p>0)

T+ V2?2 + da
p>07p:f

T+ Va2 +da
5 .
Now combine with the previous theorem. [l

(R

2.129. The following theorem gives us a way to quickly obtain the proximal operator of
a function based on the proximal operator of a related function.

2.130. Theorem: Let g: R™ — R be proper, ¢ >0, a € R™, v € R, and set
c
Ve € R™: f(z) = g(e) + 5ol + {a,2) +
Then
m B r—a
Vr € R™ : prox,(r) = prox,(.,1) (c—i——l) :
Proof. Indeed, recall that

1
Proxy(x) := argmin, cpm f(u) + EHU — x|?

) c 1
= argmin,cpm g(u) + §HuH2 + (a,u) + v+ §Hu - :1:”2
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Now:

1
Sl + (@) + Sllu — 2 =

12. THE ProxiMAL OPERATOR

1 1
Sl + (@) + Sllul* = (u,2) + 5 |
c+1, 1, 9
5 llull” = (w2 = a) + 5|«
c+1 9 T —a 1 9
—2
1ol -2 (0 50 ) el
c+1 z—al® |z —al? 1 5
u—— - + —— Il
2 c+1 c+1 c+1
c+1 r—al® Jz—al® 1, ,
- - + 5l
2 ct1 2 2

Finally, since minimizers are preserved under positive scalar multiplication and translation.

Prox;(z) = argmin,cgm g(u) +

= argmin,gm g(u) +

1
ct+1
T+ a
c+1

= argmin,cpm

1
+19 (

=: prox

2

c+1 r+a ||a:—a||2+1|| 2
U — - 4+ |z
2 c+1 2 2
c+1 z+al|?
u_
2 c+1
()+1 r—al?
w) + = ||lu—
g 2 ct1

)

2.131. Example: Let « € Ry and C' = [0,a]. Set f = dc. Then

Vo € R : prox;(r) = Po(r)

0 =<0

r 0<z<a=min{max{z,0},a}.

o >

2.132. Example: Let f: R — R be given by

VreR:

where 1 € R and o > 0. Then for all

pr 0<z<a

oo otherwise

-1

r eR,

f(x) = px + 6 (x).
Now applying Theorem 2.130 with ¢ = v =0, g = dj,a], @ = s, and C' = [0, @] and combining

with the example above, we get

prox;(z) = prox,(z — p) = Po(z — ) = min{max{xr — p, 0}, a}.
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2.133. Theorem: Let g : R — R be conver, Isc, and proper such that dom(g) C [0, 00).
Define f : R™ — R as f(z) = g(||z]|). Then
x

prox, ([|z[])7— z#0
! ]l

{u e R™ | ||lu|]| = proxg(O)} =0

prox;(r) =

Proof. First let = 0. By definition, we have

prox;(0) = arg min {f(u) + %Hu — 0H2}

u€ER™

= arg min {f(u) + %HUHZ}

ucR™

. 1
~ argunin {g(lul) + gl

ucR™
Using the change of variable w = ||ul|, the above set of minimizers is the same as

arg min {g(w) + 1w2} = arg min {g(w) w— 0)2} = prox,(0)

weR 2 weR 2
Thus, u € prox;(0) <= ||lu| € prox,(0) or equivalently
prox;(0) = {u € R™ | [lu| = prox,(0)}.
This concludes Case 1.

Now suppose = # 0, in which case prox(z) is the set of solutions to the problem

. 1 ,
i {alul) + 3l — o]}

: Lo Lo
= iy {al) + 3llP = a2} + e}

.. : 1 1
=min min {g(a) +—ao? — (u,z) + §||[B||2}

a>0 ueR™:||ul|=a 2
Note on Line x we used a change of variable a = ||u||. Now
= (u, ) = —[lull[|z[| cos up = —[lul[].
Therefore,
min — —(u,z) = —ullllz] = —afl]

uER™: |lul|=c

and is attained at u = ax/||z||. The corresponding optimal value of the inner minimization
problem is therefore

1 1 1
g(a) + 50% = allel| + 5llal* = gla) + 5(a — [2])*
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12. THE ProxiMAL OPERATOR

Therefore, prox,(r) = ax/||z|| where

o = mig {ofe) + o~ o1}

a>0

= min {gfe) + S~ 1)}
= pros, el

Note Line x holds because we are assuming that dom(g) € R>q. The proof is complete. [

2.134. Example: Let a >0 and f: R — R be given by
Azl |z] < «
xT) =
/(@) {oo otherwise
where o > 0. Then f is convex, Isc, and proper. We show that for all z € R,
prox;(z) = min{max{|z| — A, 0}, a} - sgn(z).
Define

oo otherwise

M 0<zr<a«a
g(x) =

Then dom(g) = [0, a] C [0,00). Moreover, f(z) = g(|x|) for all x. Using the theorem above,
we learn that

pro () = prox, () - sen(e) = #0
prox;(z) =

{u € R |u| = prox,(0)} r=0
Now by the previous example,
lu| = prox,(0) <= |u| = min{max{-\,0},a} =0 <= u=0.

The result follows.
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Section 13. Nonexpansive, Firmly Nonexpansive, and Averaged
Operators

2.135. Let I and Id denote the identity mapping.

2.136. Definition: Let T': R™ — R™.
1. T is nonexpansive (ne) if
Vo,y € R™ : ||Tz = Ty|| < [lz —yl|.
2. T is firmly nonexpansive (fne) if
Yo,y € R™ ¢ ||Te = Ty|* + |(I = T)z — (I = T)ylI* < [z — yI”
3. Let @ € (0,1). T is a-averaged if there is some nonexpansive N : R™ — R™ so that

T=(1-a)l+aN.

2.137. Intuition:

this lecture

. . Cauchy-Schwarz
Firmly nonexpansiveness =—- = averagedness =

nonexpansiveness.

e An operator is nonexpansive if it is L-Lipschitz with |L| < 1.

e An operator is a-averaged if it can be written as a convex combination of I and some
nonexpansive V.

2.138. Proposition: Let T : R™ — R™. TFAE:

1. T is fne.
2. (I =T) is fne.
3. (2T —1I) is ne.
4. Vr,y eR™: ||Tx — Ty||* < (x —y,Tx — Ty).
5 Vr,y e R™: (Tw — Ty, (I —T)x — (I —T)y) > 0.
Proof. (1 < 2): Clear from definition. (1 < 3 & 4 < 5): See A3. O

2.139. For linear operators, the previous proposition can be written as follows.

2.140. Proposition: Let T : R™ — R™ be linear. TFAE:
1. T s fne.
2. 0127 - I|| < 1.
3. Ve e R™: ||Tz|?* < (z,Tx).
4. Ve e R™: (Tx,x — Tx) > 0.
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Proof. By previous proposition, 7" is fne iff (27" — I) is ne. Since T is linear, so is 27 — I.
Therefore,
2T — I nonexpansive <= Vx,y € R™||(2T — Iz — (2T — I)y|| < ||z — ||
— Yz e R"™:||(2T — I)z|| < |2

2T —1
— vz erm\ {0y : P LIED o Izl
z
BN A
p =
121
= [|2T —1|| < 1.
Conversely, suppose that ||27" — I|| < 1. Then
2T -1 2T -1
vz ERm\{O}ﬂ SsupM = 2T - I|| = 1.
Il =0 |2
Thus, [[(2T"—I)z|| < ||z]| for all z € R™. Let z,y € R™. Setting z = x — y yields the desired
result. O

2.141. Remark: Observe that

T is fne <= 2T — 1 =: N is ne
< 2I'=:N+1, N ne
<= T =1/24+N/2, N ne
<= T is 1/2-averaged.

This justifies our previous claim (intuition).

2.142. Example: Let C' C R™ be convex, closed, and non-empty. Recall that
Va,y € R™ ¢ || Po(x) = Po(y)|]? < (Pola) = Poly).x — 1)
By the previous proposition, P¢ is fne.

2.143. Example: Suppose that T'= —1/2. First,

1. 3
T=-1-°21
44

so T is 3/4-averaged. However, T is not fne, as
1 9 10 5
IT2)* + llz = Tall* = Zlll” + Zllel* = -l = Sl > el

whenever x # 0.
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2.144. Example: Suppose that T'= —1. Then 7T is ne but not averaged. Indeed,
T is averaged <= Ja € (0,1) : N : R™ — R™ ne
Now for a € (0, 1),

T=(1-a)l+aN < —-I=(1—-a)l+aN
<~ (—2+a)l=aN

-2
:}N:a 1
«Q
Now
. o — 2
N is ne <— ‘Sl
«Q
2 —«
= <1
Qo
— 2—a<a«a
= 202> 2 = a>1,
contradiction.

2.145. Proposition: Let T : R™ — R™ be ne. Then T is continuous.
Proof. Let (z,)nen be a sequence in R™ such that z,, — . We wish to show that
T(z,) = T(x).
Indeed, for all n € N,
0 < ||T(z) = T(@)|| < |20 — |-
Letting n — oo,

0<

lim T'(2,) — T(ai")H <0 = T(z,) — T(2)

n—o0

as desired.

2.146. Definition: Let 7' : R™ — R™. Then the fixed points of T is given by
Fix(T) :=={x e R" : o = Tx}.
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Section 14. Fejer Monotone

2.147. Definition: Let C' C R™ be nonempty and (x,),en be a sequence in R™. Then
(Zn)nen is Fejer monotone with wrt C' if

Vee C)Vn € Nt ||lzp — ¢ < ||z — €|

2.148. Intuition: A sequence is Fejer monotone wrt to a set C' if for any fixed ¢ € C,
elements in the sequence gets closer and closer to c.

2.149. Example: Suppose Fix(7T) # & for some nonexpansive T : R™ — R™. We claim
that for any xy € R", the sequence defined recursively by z, := T(x,_1) is Fejer monotone
wrt Fix(7T). Indeed, observe that for any f € Fix(T), f = T(f) = T*(f) = T*(f) = --- .
Observe also that for all n € N, 11 = T(z,) = T*(w_1) = -+ = T"(20). Now, let n € N
and f € Fix(T). Then

[0 = fl = |77 (@n) = T"(f)l
= |T(T" (o) = T(T"H ()
< |7 Ywo) = T ()] nonexpansiveness of 7'
= [lzn — fII-
2.150. Proposition: Let @ # C C R™ and (2,)nen be a sequence in R™. Suppose
(Tn)nen is Fejer monotone wrt C. Then the following hold:

o (Z,)nen is a bounded sequence.
o Vce C: (||xy — c||)nen converges.

o (do(p))nen is decreasing and converges.
Proof. (1) Let ¢ € C. By triangle inequality and Fejer monotonicity,
[zl < llell + llzn = cll < llell + [lena —ell < -+ < lefl + [[zo — €ll.
Thus, (2,)nen is bounded.
(2) By Fejer monotonicity,
VneNVee C:0< ||z — ¢ < ||xn — ¢l

In other words, the sequence (||z,, — ¢||)nen is a non-decreasing sequence bounded below, so
(|zn — ¢||)nen converges.

(3) By Fejer monotonicity, Vn € N,Ve € C : ||zpe1 — ¢|| < ||z, — ¢||. Now take the infimum
over ¢ € C to learn that

0< igg [Zn1 — cl| = do(Tny1) < do(x,) = igg |2 — cl|-

This implies that (dc(x,,))nen converges. O

5



CHAPTER 2. CONVEX FUNCTIONS

2.151. Proposition: A bounded sequence (x,)nen in R™ converges iff it has a unique
cluster point.

Proof. (=): Easy.

(<): Suppose now that (x,)nen has a unique cluster point z. Suppose that x,, /4 Z. Then
there is some ¢y > 0 and subsequence xj, such that for all n,

2k, — [} > €o.

But then (xy, )nen is bounded and hence contains a convergent subsequence. This is still a
subsequence of (z,),en but cannot converge to z. It follows that (z,),en has more than one
cluster point. By contradiction, z,, — 7. O

2.152. Lemma: Let (x,)nen be a sequence in R™ and let C' C R™ be non-empty. Sup-
pose that for every ¢ € C, (||, — ¢||)nen converges and that every cluster point (limit point)
of (xp)nen lies in C. Then (x,)nen converges to a point in C.

Proof. By triangle inequality, 0 < ||z,|| < ||z, — ¢|| + ||c||. Since ||z, — ¢|| is constant hence
bounded and ||c|| is constant, (2, ),en is bounded from above and below.

Let x,y be two cluster points of (z,)n,en. That is, there are some zy, — = and y,, — y.
By assumption, z,y € C. We wish to show that (z,),en converges to z = y. Observe that
for any n € N, ||z, — y||? — ||z — z||* + ||z||* — ||y||* converges as the first two terms are
convergent by assumption and the last two terms are constant. Expanding this,

20 — ylI> = lln — 2|* + [|2*]] = [ly]I?
= llzall® + Yl1? = 2 (@0, y) — lzall® = [|2]1* + 2 (20, ) + |2l = [|y]I?
=2(xp,x —Y).

Since the first line converges, the last line must also converge. Say the sequence (z,,z — y)
converges to £. Taking the limit along xy, and z;, respectively yields

lim (xy,,x —y) = lim (x,,, 0 —y) =¢
n—00 n—00

= lz—ylP=(z2—y)—(yz—y) =0
== T =uy.

O

2.153. Theorem: Let @ # C C R™ and (x,) be a sequence in R™. Suppose that
(Tn)nen is Fejer monotone wrt C, and that every cluster point of (x,)nen lies in C. Then
(Tn)nen converges to a point in C.

Proof. By Fejer monotonicity of (z,)nen, (||Tn — ¢||)nen converges for every ¢ € C. Now
combine with Lemma 2.152. O
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2.154. Remark: Let x,y € R™ and a € R. One could directly verify that
laz + (1 = a)yl* + a(l = o)z — y|I* = af|z]* + (1 — a) |y]*.

2.155. Theorem: Let a € (0,1) and let T : R™ — R™ be a-averaged with Fix(T) = &.
Let xy € R™. Recursively define x,1 = T(x,) for alln € N. Then

o (z,)nen is Fejer monotone wrt Fix(T).

o I'(z,) —xn — 0 as n — o0.

o (x,)nen converges to a point in Fix(T).

Proof. (1) T is averaged so T is nonexpansive. Now combine with Example 2.149.
(2) Since T is averaged, there exists some nonexpansive N : R™ — R™ such that

T—(1-a)l+aN < Nzé(T—(l—a)]).

Then for all n € N, we can write

Tpr1 =T (z,) = (1 — )z, +aN(z,) <= T(z,) —x, = —azx, +aN(z,) = a(N(z,) — x,).

We wish to show that a(N(x,) — x,) — 0 as n — oo. Let f € Fix(T), we have

nen = fIP = (1 = @) (@0 = £) + @ (N (22) = ))]”

= (L= a)|lzp = fI* + [N (z2) = NI = a(l = @) [N (z,) = |
<(1=a)len = fI* + allzn = fIIF = a(l = @) [N (z,) — za|”
= [l#n = fII* = (1 = @) N (z,) = @]”

a(l = a) [N (z) = @all* < |z = f1I* = ll@nss = f1°

where we used Remark 2.154 on Line 2. By a telescoping sum argument,

a(l =) IN (20) = a|l* = llwo = FII* = [lzxer = FII* < w0 — fII* < oo
n=0

Since we are adding an infinite number of non-negative numbers and the sum is bounded,

we must have a(1 — )| N(z,,) — x,|| — 0. In particular, ||N(z,) — z,|| = 0 as n — 0.
[T2n =zl = [[(1 = a)an + aN (25) — 2ol = a[[N (2n) = 2] = 0.

Observe that Fix(T) = Fix(V):

reFix(T) <= =Tz

— zr=(1—a)r+aN(x)
< zr=1x—ar+aN(x)
< ax = aN(z)

r = N(z) < z € Fix(N).

!

Altogether, we learn that (z,)nen is Fejer monotone wrt Fix(N) = Fix(T') as desired.
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(3) Let & be a cluster point of (x,)nen, say zx, — Z. Observe that N being nonexpansive
implies that N is continuous. From (2), we learned that Nz, — x, — 0, so we must also
have Nxy, — xp, — 0. Taking the limit along the subsequence xj, , we learn that

kan_xkn — Nz — — Nz=17.
In other words, every cluster point of (2, )nen lies in Fix(N) = Fix(T'). Now combine with

Theorem 2.153 concludes the proof. U

2.156. For any arbitrary point x, if we keep applying a firmly nonexpansive operator T’
with Fix(T') # @ on x, then the result converges to a fixed point of T

2.157. Corollary: Let T : R™ — R™ be fne and suppose that Fix(T) # &. Let xy € R™
and recursiwvely define x,.1 = Tx,. Then there is some T € Fix(T) such that x,, — Z.

Proof. Since T is fne, T is averaged. Now combine with the Theorem 2.155. U
2.158. The proximal operator behaves nice when f is convex, Isc, and proper.

2.159. Proposition: Let f : R™ — R be convez, lsc, and proper. Then prox; is fne.

Proof. Let x,y € R™. Set p = prox,(z), ¢ = prox;(y). Using the proximal operator
inequality, we have for all z € R™,

(z=px—p)+fp) < f(2), (z—aqy—a) + fla) < f(2).
Choosing z = ¢ in Eql and z = p in Eq2, we obtain

(g—p,x—p)+flp) < fl@), (v—qy—q +flg <flp).

Adding the last two inequalities yields (¢ — p, (x — p) — (y — p)) < 0. Equivalently,

(p—q,(x—p)—(y—q)) = 0.

Now recall that p = prox (), ¢ = prox;(y), so we have
<proxf(9z:) = proxf(y), (Id — proxf)(x) — (Id — proxf)(y)> >0
and by A3 Q3(i), we see that prox; is fne. O

2.160. We can use the proximal operator for optimization purposes.

2.161. Corollary: Let f : R™ — R be conver, Isc, and proper, with argmin f # &. Let
ro € R™. Recursively define x,, 1 = prox;(z,). Then 3& € argmin(F) such that v, — 7.

Proof. Observe that by Proposition 2.123, arg min f = Fix(prox;) # @. Now prox; is fne by
Proposition 2.159. Combine with Corollary 2.157 applied with 7" replaced by prox;. O
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Section 15. Composition of Averaged Operators

2.162. Let z,y € R™ and a € R\ {0}. Then one can directly verify that

2 2 1 17 » l—a 2 2
a | zll"=|[{1—=)z+—=y|| | =allz|" - |z =yl =yl | -
«Q « «

2.163. Proposition: Let T : R™ — R™ be nonexpansive and let a € (0,1). TFAE:

1. T s a-averaged.

1 1
2. 1 ——=Id+ =T is nonexpansive.
Q@ «
1—« ”

3. Va,y €R™ ¢ |T(2) = T(y)lI* < [lv — ylI* - (Id = T)(z) — (Id = T)()|*

a
Proof. (1 < 2)
T is a-averaged <= dN : R™ — R™ nonexpansive s.t. T'= (1 — a)Id + aN

1
<= N = —(T — (1 — a)Id) nonexpansive
«

1 1
— (1 — —) Id + —T nonexpansive
Q Q

(2 < 3)
1 1 1 1
||x—y||22H<1——>x+—Tx—(1——)y——Ty
(6% (6% (0] (6%
=11 1( )+1(T T)2
N (e o y (6] v y
1
_ o 2~ _ 2
~ e =yl = 5 (1o =)

1 l—«
0> (Hx—y||2— . H(m—Tx)—(y—Ty)\F—HTx—TyIP>

2

1 -«
e~ Ta) — (o= T~ I - Tyl

11—«
0<|lz—yll*+ TH(SE —Tz)— (y = Ty)|* = |ITx — Tyl

where we used Remark 2.162 on Line 3. O
2.164. Composition of averaged operators is still averaged.

2.165. Theorem: Let oy, € (0,1), T; : R™ — R™ be o;-averaged. Set T = TiTy and

a1 + Qg — 2&10&2

1— aqon

Then T is a-averaged.
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Proof. First, a € (0,1) <= a31(1—az) < 1—as which holds as oy < 1. Now by Proposition
2.163, for each z,y € R™,

Tz — Ty|* = | T\ Tox — TyToy|

1l—«
< ||Tox — Toy|* — = = (1d = Ty) Tow — (Id — Th) Tay||?
1
11—« 11—«
< lz—yl* - 2|/(Id = Ty) =z — (Id — To) y||* — - = (1d = Ty) Tor — (Id — Th) Tay|?
1

=z —y|* = Vi — Va.

Set

1-— 1-—
b= Oé1+ a2>0

aq (8%

By computation,

(]_ — O./l) (1 — 0[2)

>
itz Baiag

I(Id = T)a — (1d — T)y|*

Consequently,

(1 — Oél> (]. — 062)
Bayay

1—

—[|(1d = T)a - (14 = Ty

1Tz — Ty||* < llz — ylI* — 1(Id = Tz — (1d — T)y|*

=z —yl* -

By Proposition 2.163, we are done. 0]
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3.1. We now consider the problem
(P) :min f(x) st. x €C.
where

o f:R™— (—o0,00] is convex, lsc, proper;

e (' CRR™ is non-empty, convex, and closed.
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Section 16. Optimality Conditions

3.2. Recap: Recall the following fact. Let f: R™ — (—o0, 0] be convex, lsc, proper,
and let @ # C' C R™ be convex and closed. Suppose we have

ri(C) Nri(dom(f)) = @
(constraint qualification, which gives that 9(f + g) = 9f + Jg, see Theorem 2.67). Define
(P) :min f(x) st. x € C,
or equivalently as an unconstrained problem,
(P):min f(x)+dc(x) sit. € R™.
By Example 2.68, z € R™ solves (P) iff (0f(Z)) N (—N¢(Z)) # 2.

3.3. We now see some weaker results, in the absence of convexity.

3.4. Theorem: Let f : R™ — (—o00, 00| be proper and g : R™ — (—o0, 00| conver, Isc,
and proper, with dom(g) C int(dom(f)). Consider the optimization problem

(P) : min[f(z) + g(2)].
1. If x* € dom(g) is local optimal of (P) and f is differentiable at x*, then
—Vf(z*) € 0g(z").
2. Suppose f is convex. If f is differentiable at x* € dom(g), then x* is a global minimizer
of (P) iff
—Vf(z*) € dg(x™).
Proof. Let y € dom(g). Since g is convex, its domain dom(g) is convex, so for any A € (0, 1),

+ My —2%)=(1—Nz"+ \y € dom(g).

Therefore, for sufficiently small A\, we have
f(xx) +g(xy) > f(2%) +g(2")
f@a)+ (1= Ng(z )+>\9( )= f (") +g(x%)
Ag(x%) = Ag(y) < f (xx) — f (")
0 (2) — gly) < f(fl?A)Af(fC)
2 f @ty o) = (V) ,y—a)

In other words, for all y € dom(g), we have

9y) 2 g@) +(V—f(27),y—2") = =V f(z") € dg (z").



16. OPTIMALITY CONDITIONS

Now for Claim 2, suppose that f is convex. Observe that Claim 1 proves the necessary
direction. For the sufficient direction, suppose that —V f(z*) € dg(z*). By definition of
subdifferentials, for each y € dom(g),

9(y) = g (%) + (=V[f(z%),y —2")
Since f is convex and differentiable at z*, we have that for any y € dom(g) C int(dom(f)),
fy) = f@™) +(Vf(z%),y —27).
Adding these two together, we see that for any y € dom(g),
Fw)+9(y) = f(z7) + g(").
It follows that x* is an optimal solution of (P). O
3.5. Motivation: The Karush-Kuhn-Tucker conditions are first-order necessary
conditions for a solution in nonlinear programming to be optimal, provided that some

regularity conditions are satisfied. Suppose f,qg1,...,g, are functions from R™ — R and
I ={1,...,n}. Consider the problem

(P) :min f(x)
st. gi(x) <0 Viel.

Assume that (P) has at least one solution and define
po=min{f(z) |Viel:¢(z) <0} R
to be the optimal value. Define
F(x) = max{f(z) = p, g1(2),. .., gn(x)}.
—
= go(l‘)
3.6. Lemma:

1. Ve e R™: F(x) > 0.
2. Solutions of (P) = the set of minimizers of F = {x | F(x) = 0}.

Proof. Let x € R™. First, assume x does not solve (P). If x is infeasible for (P), i.e., z does
not satisfy the constraints, then

djel:gj(xr) >0 = F(x)> gi(x) > 0.
Now if z is feasible (i.e., g;(z) < 0 for all 4) but not optimal (i.e., f(z) > p), then
F(x) = go(x) = f(x) —p > 0.

Both case work out. Next, assume z is an optimal solution to (P). Then z is feasible (so
Viel:g(r)<0)and f(z) =p (so go(z) = f(x) — u=0). Then F(z)=0. O
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3.7. Fact (Max Rule for Subdifferential Calculus): Let g1,...,gn : R™ — (—00, 00| be
convex, lsc, and proper. Let g(x) be the supremum of g;(x)’s and A(x) be the set of indices
such that g;(x) attains this maximum:

g(r) = max{gi(z),...,gn(2)},
A(x) ={ie{1,....n} | gi(z) = g(x)}.

Let x € (N, (int(dom(g;))) be some point in the interior of domain of all g;’s. Then the
subdifferentials of g at x is the convex hull of the union of individual g;’s subdifferentials at
x indexed by A(x) (i.e., those g;’s that attain the mazimum,):

3.8. Fritz-John conditions are a necessary condition for a solution in nonlinear pro-
gramming to be optimal. In words, if x* is an optimal solution to a nonlinear program, then
we can find a set of scalars satisfying the stationarity and CS conditions.

3.9. Theorem (Fritz-John Necessary Optimality Conditions): Suppose that f, g1, ..., gn
are convex and x* solves the following nonlinear optimization problem:

(P) :min f(x)
st. gi(x) <0  Viel.

Then there exist ag > 0, ..., > 0 not all 0, for which the following conditions are satisfied:
1. stationarity condition: 0 € ag0f(x*) + .., a;0g:(x*);
2. CS condition: Vi € I : \;g;(z*) = 0.
Proof. Recall the definition of F(z):
Fla) = max{ f(z) - 1, 91(2), .., gul2)}.

By Lemma 3.6, z* solves (P) so F(z*) = 0 = min F(R™). Since the supremum of convex
functions is convex, by Fermat’s rule and the fact above,

0 € OF(x*) = conv U (aqz(:c*))

)
where
A(z*) ={i € {0,1,...,n} | gi(z") = 0(= F(z"))}.

Note that 0 € OF (x*) because go(z*) = f(z*) — p = 0 = min F(R™). Moreover, dgy = Of as
= f — u. Hence,

Vie A(*),Jy > 0: Y ap=1,
1€A(z*)
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and not all a’s are zeros. This gives us the first condition:
S Z @;0g;(z") = apdgo(z”) + Z @;0g;(z")
i€A(z*) i€ A(z*)\{0}

= apdf(z*) + Z ;0g;(x"). dgo = Of
i€ A(@*)\{0}
Finally, for CS conditions,
o if i € A(z*)N I, then g;(z*) = 0;
e clseifi € I\ A*(x), then o;; = 0.
It follows that «;g;(z*) = 0 for all i € [n]. O

3.10. We now look at the KKT condition. The necessary part is quite close to Fritz-
John, except we required an extra Slater’s condition to be satisfied.

3.11. Theorem (KKT, Necessary): Suppose f,q1,...,gn are convex and x* solves

(P):min f(z)
st. gi(x) <0 Viel.

Suppose that Slater’s condition holds, i.e.,
dseR" Vie I ={1,2,...,n}: g(s) <O.
Then AA1, ..., A\, > 0 such that the KKT conditions hold:
1. stationarity condition: 0 € 0f(z*) + >, ; Mi0gi(x*);
2. CS condition: Vi € I : \;g;(z*) = 0.
Proof. Recall Fritz-John: there exists ag, aq,...,a, > 0, not all 0, such that
*x 0€apdf(z*) + > o, @i0gi(x*);
o Viel: agi(x*)=0.

Thus, we are done if we can show that ag > 0, as we can simply divide the inclusion by «q
and obtain the desired result. Suppose for eventual contradiction that ag = 0. By *,

Vie I,y € 0gi(x™) : Y ey iy = 0. (%)

= Vie I,Vy e R": g;(z") + (yi,y — ) < 9:(v)
— Vi 1 gi(a) + (s — 2 < il5) take y = s
= Viel:og(r")+ (oY s — 2%) < ogi(s).

Adding the above inequalities for all 7 € I,
Dier @igi(@") + (e @iyin s — ) <30 igi(s) <0 = 0<0,

\—V—/ N - /
= O,by * — O’by %

contradiction. Hence, oy > 0. Now divide x and ¢ by ag and set Vi € [ : \; = g—o > 0. O
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3.12. The following theorem says that if z* satisfies all four sets of conditions, then it
is guaranteed to be the optimal solution of (P).

3.13. Theorem (KKT, Sufficient): Suppose f,g1,...,¢g, are conver and z* € R™ sat-
isfies the following conditions:
1. Primal feasibility: Vi € I : g;(z*) <0.
2. Dual feasibility: Vi e [ : \i > 0.
3. Stationarity: 0 € Of(x*) + >, ; Mi0gi(z*).
4. Complementary slackness: Vi € [ : \;g;(z*) = 0.
Then x* solves (P).

Proof. Define
h(z) := f(z) + Z Aigi(x).
iel
By dual feasibility, h(z) being a nonnegative weighted sum of convex functions is convex.

Observe that the sum rule applies to the sum of convex functions f and \;g; for i € I (see
A4), so that

Vo € R™ : 0h(z) =0 (f + Z/\Z-gi) (x) =0f(x) + Z \i0gi(x),

iel iel
where the second equality follows from the sum rule. Consequently, by stationarity,
0 € Oh(z™) = Of (x™) + Y _ \idgi(a").
iel
By Fermat’r rule, z* is a global minimizer of h. Now, let x be feasible for (P), i.e.,

Viel:g(z)<0.

Then
f(z%) = f(z") + Z Aigi(x") CS conditions
= h(z") - defn of h
< h(z) x* is a global minimizer of h
= f(z)+ Z Aigi(z) defn of h
< f(x) . primal and dual feasibility
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Section 17. Subgradient Methods

3.14. Definition: Let f : R™ — (—o00, 00| be proper and = € int(dom(f)). Then d €
R™\ {0} is a descent direction of f at x if the directional derivative satisfies f'(z;d) < 0.

3.15. Remark: If 0 # V f(x) exists at z, then —V f(z) is a descent direction. Indeed,
f(@; =V (@) = (Vf(z),-Vf(x)) = -IIVf(2)]* <0.

3.16. Note: Let f be differentiable. Recall that gradient descent method:
1. Initialize zo € R™.
2. For each n € N:
(a) Pick t,, € argming f(2, —tV f(x,)).
(b) Update z,41 := z,, — t, V[ ().

In particular, if f is strictly convex and coercive, then x,, converges to the unique minimizer.

3.17. Example (L. Vandenberghe): If f is not differentiable, can we pick a subgradient
and do the same thing? Unfortunately, negative subgradients are NOT necessarily descent
directions. Consider f(x1,22) = |21]|+2|x2|. It's easy to see that f is convex and continuous.
Pick a subgradient
and consider its negative d = —(1,2) = (—1,—2). Let t > 0. Then

f((la O) + t(_la _2)) = f(l - tv _2t)
=|1—t|+2| -2t
= |1 —t| + 4|¢|
1+3t 0<t<l
=4-1-3t t<0
St—1 t>1

Therefore:

f((1,0) +¢(=1,-2)) = f(1,0)

f'((1,0); (=1, -2)) = lim

t10 t
o 14+3t—1

= lim
t}o t

=3>0

Hence, (—1,—2) is NOT descent direction.
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3.18. In the absence of smoothness, we may use the projected subgradient method.
Consider the problem

min f(x)
st. reC

where

f:R™ — (—o0, 0] is convex, lsc, proper.
C Cint(dom(f)) is non-empty, closed, and convex (which implies that dom(f) # @).
e S :=argmin . f(r) # @, the set of solutions.

(= mingec f(x), the minimum value.
AL > 0:sup ||0f(C)|| < L < oo (all subgradients at all ¢ € C' are bounded).

3.19. Note: We here introduce the projected subgradient method:

1. Start with a feasible point ¢ € C.

2. For alln e N:
(a) Given z,, pick a step size t,, > 0 and a subgradient f'(x,) € 0f(x,).
(b) Update via z,,41 := Po(z, — tof'(x,)).

Recall that C' C int(dom(f)), so x, € int(dom(f)) for all n € N. Therefore, 0f(x,) # @
and (2, )nen is well-defined.

1

3.20. The following lemma relates the distance between the current point z, 1 and an
arbitrary solution s of the current iteration to that distance of the previous iteration.

3.21. Lemma: Let s € S =argmin . f(x) C C be a minimizer. Then
a1 = sI* < llzn = slI” = 2tu(f () — 1) + o lLf (@a) I
Proof. Observe that S C C. We have
|Zns1 = sl|* = |Pe (@0 — taf' (z2)) = Po(s)|’

< Nan = tof (zn) — s Pc is fne hence ne
= [lzn = P + 2 |1 (@) = 2tn (20 — 5, ' (z0)) -
It suffices to show that

=2ty (xn — s, [ (x0)) < =20 (f (0) — 1)
(Tn =5, f" (2n)) > f(20) —
(Tn = s, f' (@n)) > [ (zn) = f(2)
which holds by the subgradient inequality. 0

! Abuse of notation: f-prime here does not mean derivative!
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3.22. Next question: what is a good step size t,,? Let us minimize the upper bound

d
0=—RHS
dt,

_%@mMﬂ%%wn+ﬂW@Mﬁ

= —2(f(wn) — 1) + 2l £/ (za) |2

If f'(z,) =0, then 0 € Of(z,) and hence, by Fermat’s rule, z,, is a global minimizer and we
are done. Now if f'(x,) # 0, we have

f(xn) — p

ISk

which is known as Polyak’s rule.

3.23. Theorem: The following results hold:
1. Vs € S,;¥Vn € N: ||zpe1 — s|| < ||lwn — s||, i-e., (Tn)nen s Fejer monotone wrt S.
2. f(xn) = u, t.e., the objective values (f(xy,))nen converges to the optimal value.

3. Define pi, := ming<g<n f(xr). Then the error of objective value is bounded by:

L- ds(ﬂ?o) 1
fin —p < ———=— =0 —= |
Vn+1 Vn
4. Let € > 0. Then we can pick n as follows so that w,, gets arbitrarily close to p:

n > L%Z%(ZL‘Q)

2 -1 = p, <p+e.

Proof.
Proof of 1. Let s € S and n € N. By computation,
|znr = s < flan = s|I* = 2t (f (20) = ) + £ | (20)]

=w%—sW—2i@ﬁiﬂaﬂm»—u»+(i@ﬁiﬁ)|u%mm2

2

[FESIk [FESIk
1f () 1*
(f (xn) — :u)g
< o, — s - L2
< lan — s*
It follows that (z,),en is Fejer monotone wrt S. [ |
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Proof of 2. Observe that

(f (zx) — M)Q
B2 <y — s~ i = 511
Summing the above inequalities over k = 0,...,n yields
I ¢ 2 2 2
230 @) = #2) < Dl = I = fomr = s < o — 5]
k=0

Letting n — oo, we have

0

IN

Y (f(wn) = p)* < LPlzo — s* < o0
k=0

and it must be that f (zx) — p. [

Proof of 3. Recall that
fn = min f (k)
for n € N. Letting n > 0. Then for all k£ € {0,1,...,n},
(o — 1)* < (f (1) = )"
e )8 o LS (7 —
P )T S ) () e
k=0
< larg — s|*

Minimizing over s € S, we get

(n+1)

Proof of 4. Suppose that
o L2 ()

= €2 n+1 -

Apply (iii) yields
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3.24. We conclude this section by showing the correctness (i.e., convergence to an opti-
mal solution) of the projected subgradient method.

3.25. Theorem (Convergence of Projected Subgradient): Suppose that (z,)nen 1S gen-
erated using projected subgradient. Then x, — s € S, i.e., it approaches a solution.

Proof. By the previous Theorem, (,)nen is Fejer monotone wrt S. Since (z,)nen is Fejer
monotone, (z,)nen is bounded. Also, by the previous theorem, f(z,) — g = mingec f(z).
By Bolzano-Weierstrass, there exists a subsequence converging to some point in C, i.e.,
dzg, — = and T € C (because (x,,)nen lies in C' by construction and C'is closed). Now

p=min f(z) < f(z) < liminf f(a,) = 4,

where the right inequality follows as f is Isc and the right equality follows because f(x,) — .

Thus, f(Z) = p and Z € S. That is, all cluster points of (z,),en lie in S. Then z,, —» T € S

by the Fejer Monotonicity Theorem. 0
3.26. Example: Let C' C R™ be convex, closed, and non-empty. Let x € R™. Then

r — Po(z)

do ) x g C

ddc(z) =
Ne(z)NB(0;1) xzeC
Consequently, for all z € R™,
sup [|0de(z)|| < 1.

3.27. Lemma: Let f be convex, lsc, and proper. Let A > 0. Then
I(Af) = NOf.
Proof. Apply definition. O
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Section 18. Convex Feasibility Problem

3.28. Motivation: Given K closed convex subsets Si,...,S5r € R™ such that

We wish to find z € S. Let us try to use the projected subgradient method. That is, we
wish to formulate the problem into the following form (in particular, define f,C, L):

min f(x)
st. el

where

f:R™ — (—o0, 0] is convex, lsc, proper.
C Cint(dom(f)) is non-empty, closed, and convex (which implies that dom(f) # @).
e S :=argmin, . f(z) # @, the set of solutions.

(= mingec f(x), the minimum value.
AL > 0:sup ||0f(C)|| < L < oo (all subgradients at all ¢ € C' are bounded).

such that we could use the following algorithm:
1. Start with a feasible point xg € C.
2. For alln e N:
(a) Given z,, pick a step size t,, > 0 and a subgradient f'(x,) € 0f(z,). >
(b) Update via x,11 := Po(z, — t,f'(x,)), where ¢, is computed using Polyak’s rule:

f(xn) — U

ty =

1f (a2

3.29. Note: First, since we are working with subsets of R™, every z € R™ is a possible
solution, so C' = R™. This also makes the projection easy: Pr = Pgm = Id. Define the
objective function to be the maximum of distances between x and the sets:

f(z) = max{dgs, (x),...,ds ()}

Note that dg,(x) > 0 by definition. Thus, f(z) > 0 for all z € R™. To see why this is a valid
formulation, observe that

flz)=0 <= Vie{l,...,k}:d(S;)(x) =0
— Vie{l,...,k}:x €S
— zcS:=n" S,
Also, since the set of solutions is non-empty, the optimal value is O:

S# 0 = u:rgﬂi{%f(x):().

2Abuse of notation: f-prime here does not mean derivative!
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3.30. (Cont’d): We show that L = 1. First, by Example 3.26,
Vie{l,...,k}:sup H{@dS(Rm)}H <1.
The max formula for subdifferentials implies that for & S,
of (x) = conv{adgi(x) ds,(z) = f(:r:)}
Py
= conv {ZE—S(x) ds,(x) = f(x)}

dgl(x)
Recall that f(z) = max{ds,(z),...,ds,(x)}, so the condition dg,(z) = f(z) is basically
saying that this particular S; attains the maximum of f. The second equality follows from
3.26 as well. By Example 3.26, each vector in the above set
— Pq.
= E= Pa@)
dSi (IL’)

by the example, which implies that all vectors in the convex hull of these vectors satisfy

i=1 i=1 i=1

It follows that L = 1. The case where x € S is irrelevant, as in that case we are done.
We have successfully modeled the problem in the framework of projected gradient method.
Time to run the algorithm.

<1

3.31. Note: Since Pgm = Id, the update rule is given by z,.1 = z,, — t,f'(x,), where
f'(x,) is a subgradient. We now work out the details. Given x,, we wish to pick an index
in € {1,...,k} such that dg, (2,) = f(z,). Since we want to find a point in the convex hull,
we can simply choose

T — Ps (),
P () o= T Pln)
dSin (In)
For step size, since || f'(z,)|| = 1, using Polyak’s rule (computational details omitted),
tn = dSin (l’n)

This leads to the Greedy Projection Algorithm:
Tni1 & Po(xn — tof (0)) = 20 — Lo f'(2n)
Ty, — Ps, (n)
dSin (xn)
=y — (v, — Ps, (7))
= PSin ("L‘n)’

where S; is any set that is furthest away from z,,. Now by convergence of projected sub-
gradient, x,, converges to some solution in S.

=Tp — dSin ($n>
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3.32. Note: Let us look at the case where m = 2, which leads to the method of
alternating projections, MAP. Let xq € R™, update via

T+l = Pszpslﬂﬂn-
3.33. Example: Define {S := {z € R™ | Az = b,z > 0} where A € R*™ and b € RF.
We can use MAP to find x € S. Set S; = R, so
Ps,(z) = 2" = (max{z;, 0})i,

Next, define Sy = {x € R™ | Az = b} = A~1(b), the inverse image of b (check: S = S; N Sy),
so that

Ps, = 2 — A'(Az — b)
where AT is the Moore-Penrose pseudo-inverse. Let z9 € R™. Update via
anrl = P52P51 (xn>
= P, (ZL‘:)
=a —Al(Azf —b) >z €8S.

3.34. Remark: In practice, it is possible that

p = min f(z)

is unknown to us. In this case, we replace Polyak’s stepsize by a sequence (t,)nen such that
ZZZO t’2€ SN 0
n
Zk:O L
as n — o0o. For example, we may choose

L1
PR

One can show that

fn = min{ f(zo),..., f(zn)} = 1

as n — 0.
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Section 19. The Proximal Gradient Method

3.35. Motivation: Consider the problem
(P): min F(z) := f(z) + g(z).
where

e f is nice: convex, lsc, proper, differentiable on int(dom(f)) # @, with gradient V f
being L-Lipschitz continuous on int(dom(f)).

e g is convex, lsc, proper, and dom(g) C int(dom(f)).
o S:=argmin, gm F(z) # 2.

® 1= mingegm F(x).

Note that dom(g) C int(dom(f)) implies that ri(dom(g)) Nri(dom(f)) = ri(dom(g)) # @.

3.36. Example: Consider min,cc f(x) where @ # C' C R™ is convex and closed. Note
this is equivalent to mingegm f(z) + g(z) with g = d¢.

3.37. Note: Start with = € int(dom(f)) O dom(g). Update via

T4 = Proxi, <x — %Vf(x))

— arg min {%g(y) + % Hy - (x - %Vf(x))

yeER™

)

Therefore, this update rule makes sure the new z stays within int(dom(f).

€ dom(g) C int(dom(f)) = dom(V f).

3.38. (Cont’d): Let’s give this operator a name. Define
1
T := proxi, (Id — EVf) ,
so that for all z € R™,

Tz = proxy, (x — %Vf(x)) .

3.39. Theorem: Let x € R™. Then x is a solution to the optimization problem iff x is
a fixed point of T':

x €S =argmin F = argmin(f + g) <= = =Tz,
reER™ TER™

where T is defined as above.
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Proof. Since ri(dom(g)) Nint(dom(f)) # &, the sum rule applies. Let z € R™.

reS<=0e€a(f+g)(x) Fermat
<= 0€df(x)+ dg(x) sum rule
< 0 € Vf(z)+ dg(x) f is differentiable at x

> =V f(x) € dy(z)

= —%Vf(m) € %89(90)

= - %Vf(x) cExr+ %8g(x) = (Id +0 (%g)) (x) shift by z
< zxe (ld+0 ! B —lVf()
x 79 T-7 x
> x = Proxy, (Id —%Vf) (x) A4; g/L is a singleton
—ao=Tx
0

3.40. The following Fact is used in the proof for the Proposition below.

3.41. Fact: Let f : R™ — (—o00,00] be conver, lsc, and proper. Let 3 > 0. Then f is
B-strongly convex iff

B
Vo € dom(9(f)),Yu € of (z) : f(y) > f(z) + (u,y — x) + EHy — z|]2.
3.42. Now the main result of this section: the prox-grad inequality.

3.43. Proposition: Let x € R™, y € int(dom(f)), and define the update rule as

yp =T, = pl"OX%g(y — V()
Then

L L
F(@) = Fly) > Slle =yl = Slle =yl + Dy(,y)

where D¢(x,y) is known as the Bregman distance:

Dy(z,y) = f(x) = fly) = (Vf(y),z —y).
This value is non-negative by convexity of f.

Proof. Define

M(2) = F) + (VS (). = — 9+ 9(2) + 2 — ol
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Since the first three terms are convex and the last term is strongly convex, h is L-strongly
convex. We claim that y, is the unique minimizer of h. Indeed, for z € R™,

z € argmin h <= 0 € 0h(z) Fermat

¢¢0€a(ﬂm+wVf@xz—w+g@%+gw—yW)

<~ 0€0 ((Vf(y), z—y)+9(z)+ gHz - yHQ) f(y) irrelevant
<~ 0e€ Vf(y)+0g9(z)+ Lz — ) sum rule
<—0¢ %Vf(y)—l—@(%g) (2)+ (z—y) divide by L

)
! 19) 6
<:>y—%Vf( ) € (Id+6(ig))

@#zE(M+0(%@> (y—%Vﬂ))

1
— z=Proxy, (y—sz(y)) —z=Ty=1y,

<:>y—lVf( )€z+8< g

Hence, y, is the unique minimizer of h. Let us now use the previous Fact with f — h, 5 —
L,y z,z+— y,. This gives us (after setting u = 0)

L
h(z) = h(y+) 2 Fllz — vl ()
Moreover, by the descent lemma, we have

Fly) < F) + (VT) — s — ) + 5 s — ol

Therefore,

W) = F0) + (V). s~ )+ 000 + =l — o
> fly+) +9(ys) = Fly)-

Combining this with (%), we arrive at

(@)~ F(ys) > hia) - ) = 2l e |

Plugging in the definition of h, this becomes

F6) + (9 ) x =)+ gla) + Slle = ol ~ Plu) 2 Do

Adding f(z) to both sides and rearranging, we get the desired conclusion. 0
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) L
3.44. Lemma (Sufficient Decrease Lemma): F(y,) < F(y) — §||y —y.|*

Proof. Use Proposition 3.43 with = — y and recall that D(z,y) > 0 by convexity of f. O

3.45. Algorithm. The Proximal Gradient Method.

Given x( € int(dom(f)), update via
1
Tpy1 =T, = proxi, (SL‘n — ZVf(:Cn)> )

3.46. Theorem (Rate of Convergence of PGM):
o (z,)nen is Fejer monotone wrt S, i.e.,

Ve e S,;¥n e N : ||z — sl < ||z, — ]|

o (F(zp))neny — p. More precisely,

ogF(xn)—MgMeo(l).

2n n

Proof. Apply Lemma 3.44 with y — z,, and y, > x,1 tells us that the sequence of function
values monotonically decreases:

L
F(znsr) < Flzn) = Sllonsn —2al” < Flza). (4)
Let’s prove the first statement. Let s € S and £ € N. Applying Proposition 3.43 with
(IL’, y) = (87 xk) ylelds

L L
0> F(s) = F(ar) = Flls = wpnll® = Slls — 2l

Discarding the middle part, we see that (x,),en is Fejer monotone wrt S. For the second
part, let us multiply this inequality by 2/L and adding the resulting inequalities from k = 0
to k = n — 1. Note the right side is a telescoping sum, which yields

i
L

(1= F(zr1)) = lls = zal* = [ls = zoll* > —|ls — zo]*.
0

o
i

In particular, setting s = Pg(x) € S, we obtain

dg(0) = || Ps(wo) — ao*

n—1

= 23 (Fla) - )
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= Zn(F(ra) — )

Equivalently, we have

L - d?
OSF(xn)_MSM
2n

and F(x,) — p asn — oo. O

3.47. Theorem (Convergence of PGM): x,, converges to some solution in S = argmin_cpm F(z).

Proof. By the previous theorem, we have (2, ),en is Fejer monotone wrt S. Thus, it suffices
to show that every cluster point of (x,),en lies in S. Suppose that z is a cluster point of
(Tn)nen, say xy, — T. We wish to show that F'(z) = u. Indeed,

p < F(z) <liminf F(zy,) =p = F(Z)=u < T €8.
n— o0

3.48. Proposition:
1. %Vf 15 fne.
2. 1d — %Vf s fne.
3. T = prox.,(Id = V) is 2/3-averaged.

Proof. For the first two statements, recall that (Theorem 2.103) for real-valued, convex,
differentiable functions with L-Lipschitz gradient,

(Vi) = Vily)a— ) > 7 IVS@) - VI

<%Vf(m) - %Vf(y)ﬂf - y> > %Vf(:v) - %Vf(y)

The result follows then from the two equivalent characterizations of fne: Id — 7" is ne and

(Tw — Ty, Tx — Ty) > | Tx — Ty|]*.

For (3), recall that proxi, is fne. Hence, proxi, and Id —%V f are both 1/2-averaged.

Consequently, the composition proxi, (Id —%V f ) is averaged with constant 2/3. 0

3.49. Remark: Recall Proposition 2.163. One can show that for this 7" we have

1
SI(1d = D)z — (1d = T)y|* < [|lz = y[|* = || T = Ty||*.

3.50. Theorem:
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Proof. Using the previous remark, we have
1
v, ¥y : 5l|(Id = T)z — (Id = T)y|* < o = yl* = | Tz = Ty

Let s € S and recall that by Theorem 3.39, s = T's. Applying this property with x —
and y =s €5, we get

1
SlI(1d = D)z — (1d = T)s||* < [l = s = | T, = Ts||”
1
= Slan = 2 = O < o = slf” = [laxgn — s
1
= 5 llex =zl < ok = sl® = llzger = sl
By Proposition 3.43, T' is 2/3-averaged hence ne. Therefore,

e = @l < llapy —aell < - < Hlwo — 2.

Summing over k =0 ton — 1,

n|| e, 1 —anz.

N | —

1 n—1
lzo = Il = llzn = s]I* > 5 Dl — | >
k=0
In particular, for s = Pg(xg), we get

1 V2 1
Sl w? < de0) = i -zl < Lods(a) € O (—) .

Vi Vi

3.51. We now look at the classical proximal point algorithm.
3.52. Corollary: Let g : R™ — (—o0,00] be convex, lsc, and proper. Let ¢ > 0.
Consider

min g(z).

Assume that S = arg min,cpm g(z) # @. Let xy € R™. Update via

Tp41 = PrOX ;Tn.

Then
1. g(x,) = p = min g(R™).
d2
2. 0<g(z,) —p < S(%).
2cn

3 x,—>seSs.
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19. THE PrROXIMAL GRADIENT METHOD

Proof. Set f(x) = 0 for all z € R™. Then Vf(z) = 0 for all z € R™ and Vf = 0 is
L-Lipschitz for any L > 0. In particular, this holds for L = 1/¢ > 0. Now write the problem
as

min f(z) + g(z).

zeR™

Then S = argmin,cgm F(z) = argmin,egm g(z). Since Vf = 0, Id — 1V f = Id. This
implies that

1
T = proxi, (Id — va) = prox,,(Id) = prox,,.

Now apply the previous theorem and we are done. 0]
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Section 20. Fast Iterative Shrinkage Thresholding Algorithm

3.53. Motivation: Previously, we were looking at the following problem with assump-
tions listed below:

(P): min F(x) := f(z) + g(x).

TER™

where

e f is nice: convex, lsc, proper, differentiable on int(dom(f)) # @, with gradient V f

being L-Lipschitz continuous on int(dom(f)).

e g is convex, lsc, proper, and dom(g) C int(dom(f)).

o S:=argmin, gm F(z) # 2.

® i = mingegm F(z).
Note that dom(g) C int(dom(f)) implies that ri(dom(g)) N ri(dom(f)) = ri(dom(g)) # 2.
Let us now tighten the assumptions, so that

e f is convex, Isc, proper, and differentiable on R™ with V f being L-Lipschitz on R™;

e g is convex, lIsc, and proper. Note we get dom(g) C [(dom(f)) for free.

3.54. Note (FISTA): Start with zp € R™. Recall previously in PGM, we require
zo € int(dom(f)) = dom(V f). But here dom(Vf) = R™ so we can freely choose xy. We
have two other sequences, with starting point ¢, = 1 and yy = xy. Update via

1+ /1442
2

tn—i—l —

1
Tnt1 = ProxXi, (Id — sz) (Yn) =: Ty,

tn—l
YUn+1 = Tp+1 + (xn+1 - an)
n+1
1—t, 1—-1t,
— (1 — ) Tpi1 + x, € aff{x,, x,i1}.
thrl tn+1

3.55. Remark: First, observe that ¥, is in the affine hull of {z,,z,.1} as we can
write it as an affine combination of x,, and x,.,. Next, observe that

i1 — 1= /14+412 = 2. —t 1 = L2

Finally, the sequence (t,),en satisfies

2
VnEN:th%Zl.

This can be easily verify using induction. The base case is to = 1 = (0 + 2)/2. Induction
step is just computation.
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20. FAST ITERATIVE SHRINKAGE THRESHOLDING ALGORITHM

3.56. Theorem (FISTA Rate of Convergence):

2Ld2($0) 1
o< P T =0 (55

Proof. Set s = Ps(x¢). Recall that ¢, > 1, so 1/t, < 1. By convexity of F', we have

F (% -5+ <1 — %) acn) < %F(s) + <1 — %) F(zy,).

For all n € N, define

Observe that

(1= ) b = (1= 1) (Fln) = FUo) = (o) — Fla)
- (1 _ %) (F(z) — F(s))) — <1 - in) F(s) = F(znt1) + F(s)
= (1= 1) Pl + 1 F) = Flana)
(s (1= 2en)) - P

and y — Yy, so that y,. =Ty, = x,11, we get

(e (-2 )

- 1 (; 1 2 L1 (4 1 2
—||—s —— | Ty — Ty — = ||-—s — — | Tn — Yn
= 21t, t, 1 2 1, t, Y
1 2 L1 2
= 5 E(S + (tn - l)xn - tnwn-i-l) - 5 E(S + (tn - 1)xn - tnyn)
L

L
[tnzn+r = (s + (tn — D) I*

- — [t — (5 + (b — D)

262
Focusing on ||t,y, — (s + (t, — 1)z,)||* for now. We can simplify it to

2
tnyn — (5 + (tn — 1)$n)||2 =

t (xn + t”;n_ ! (2, — xn_l)) — (54 (t, — 1) z)

= [ty + (tpo1 — 1) (2 — 2p1) — 8 — tp2p + xn||2

= ”tn—lxn - tn—lmn—l + X1 — 3||2

= ||tn—1xn — (S + (tn—l — 1) .Tn_l)Hz set: (*1)
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Combined with the fact that 2, — t,11 = t2, (set: x») we get that
2 00 — 2001 = (2 —1,)00 — 120011 by: *o

= ((1 - %) On — 6n+1)
> 12 (F (%s + (1 - %) :vn) —-F (fcn+1)>

L
> By thInH —(s+ (tn — 1))xn”2 D) ||tnyn —(s+ (tn — 1))«’%“2

h

= 2 s = (54 (= D)l = 2 s — 5+ (Fnon = 1)) 2ot | by 54
Recall 6,, = F(x,) — p and define
Up = tp1Tp — (s + (tpo1 — 1) xp_q).
Multiplying the inequality above by % and rearranging yields
i+ 7 Esner < el + 28250
It follows that

2 9 2
Zti—lfsn < Hun“ + Ztién—i—l

< ...

2
<l |* + Zt%él

= [Jtoms — (s + (f0 —~ Dao)|l* + 2()(F () — )

2
= llos = sl* + 7 (F (1) = ) < Jlwo — s]*

where the last inequality follows from Proposition 3.43 with x +— s,y — o,y = Tyo = x1,
which gives the equation below (and rearranging this yields the inequality above):

L L
Fs) = Fz1) = p= F(a1) = Zlls —al” = F o = 9]1*

In other words, we have

L , 1
Fon) = =0, < 5 oo sl
L 4 2
< Ljay s > "
2 (n+1)2 2
e
(n+1)2 s = Ps(o)

104



21. THE ITERATIVE SHRINKAGE THRESHOLDING ALGORITHM

Section 21. The Iterative Shrinkage Thresholding Algorithm

3.57. Motivation: We now look at a special case of the PGM with g(x) = A||z||; where
A > 0. Note this gives

1 A
29(@) = 2zl

Previously, we have seen that

PrOX%g(f) = (PrOX%H'Hl(I))i:l

)\ n
= (sign (x;) max {0, |;| — z})
i=1

Note that FISTA is the accelerated version of ISTA.

n

3.58. Note (Comparison of Norms): Let Az = bis an undetermined system of equations
i.e., fewer equations than unknowns) and consider the following two problems:
g

e (P)):min|z|sst. Az =10
e (P) :min|z| s.t. Ax =10

Recall that the L; norm encourages sparsity.

3.59. Example (L; Regularized Least Squares): Let A > 0 and A € R™™™. Consider

o1
(P): min o[l Az =b[l5 + Allz]1,
where

e g(x) = A||x|; is convex, Isc, and proper.

o f(z) = 3||Az — b||3, which is smooth on R™ and V f(z) = AT (Az — b).

e dom(f) =dom(g) =R™.
e For Vf to be Lipschitz, recall Corollary 2.108, which states that

Vfis L-Lipschitz <= Anax(V2f(7)) < L <= Anax(ATA) < L.

Thus, we can take L := Ap. (AT A).
e To see S # &, observe that

Fa) = f(x) +9(z) = %HAw = BlI3 + Allly

is continuous, convex, coercive, with dom(F) = R™. Thus, S = argmin F' # &. Here
we used the Fact below without proof.

3.60. Fact: If F 1is convex, lsc, proper, and coercive and C' is convex, closed, and non-
empty, with dom(F)NC # &. Then F has a minimizer over C.
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3.61. (Cont’d): Continuing from the previous Example. Sometimes m is large and
computing the eigenvalues of ATA € R™ ™ is not so easy. In this case, we could use an
upper bound on eigenvalues, e.g., the Frobenius norm
A = 305" = x(A74) = 3" A (A7)

j=1 i=1 i=1
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22. DouGLAS-RACHFORD ALGORITHM

Section 22. Douglas-Rachford Algorithm

3.62. Motivation: Consider the problem
(P): min {F(z) := f(x) + g(x)}
where

e f and g are convex, lsc, and proper.
o S =argmin, pm F(x) # Q.

e No further assumptions of smoothness or domain inclusions.
Suppose there exists s € .S such that
0€9f(s)+0g(s) CAf+g)(s)

One situation that this holds is when ri(dom(f)) N ri(dom(g)) # @&, for which the sum
rule applies, i.e., d(f + g) = df + 0g. Recall from A4 that prox; = (Id 4+ 0f)~" and
prox, = (Id + dg)~". Define

Ry =2 - prox; —Id,
Ry =2 prox, — Id.
Define the Douglas-Rachford (DR) as follows.
T = 1d — prox; + prox,(2prox; — Id) = Id — prox, + prox, R;.

3.63. Lemma:

o Ry and R, are nonexpansive.
o ' = %(Id + RyRy).
e T is firmly nonexpansive.

Proof. (1) Recall Proposition 2.159, which states that prox, is fne when f is convex, lsc, and
proper. Then by 2.138, Ry = 2prox; — Id is nonexpansive.

(2) Expanding the definitions of R, and Ry, we obtain T

(3) Since R,R; is a composition of two nonexpansive mappings, it is nonexpansive. Let
N = Id which is nonexpansive,

1 1
so T is 1/2-averaged. Finally, by Remark 2.141, this tells us that T is fne. U
3.64. Remark: We have Fix(T') = Fix(R,Ry). Let x € R™. Then
1
reFX(T) < x=Tzr <= z = §(x + RyRyx)

— 2t =1+ RyRjx < v =R,R;x < xz € Fix(R,Ry).

107



CHAPTER 3. CONSTRAINED CONVEX OPTIMIZATION

3.65. Proposition: prox,(Fix(T)) C S.
Proof. Let x € R™ and set s = prox;(z) = (Id 4+ df) (). Then

s =prox;(z) <= v € (Id+9f)(s) =s+0f(s)
= 2prox;(s) — 2(prox;r —x) € s+ df(s)
< 25— Ry(s) € s+ 0f(s)
< 25— Ry(s) —s € 0f(s)
< s— Ry(x) € 0f(s).
On the other hand,
z € Fix(T) x=Tx
T =X — prox,r + prox,Rsx
prox; = prox,Rsx
s = prox, Rz
Rs(s) € s+ 0g(s)
0€s—R¢(s)+9g(s)
Rz — s € 0g(s).

(f+9)(s) = s€S=argmin,pgm F(x). O

[ A A

It follows that 0 € 0f(s) + 0g(s)

N
D

3.66. Remark: Recall that (firmly) nonexpansive operators are continuous and iterat-
ing a fne operator tends to a fixed point.
3.67. Theorem: Let xqg € R™. Update via
Tyl 1= T, — PIOX Ty, + PIOX, (2proX 7, — Tp).
Then prox(z,) — s € S,
Proof. Rewrite x,,4; as
Tny1 = (Id — prox; + prox,(2prox; — Id))x, = Tz, = T .

By Corollary 2.157, x,11 — & € Fix(T). Observe that prox, is (firmly) nonexpansive by
Proposition 2.159 and hence continuous by Proposition 2.145. Consequently, prox ;(z,) will
converge to prox;(r) =: s € S. Finally, s € prox,(Fix(T)) € S by Proposition 3.65. O
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23. STOCHASTIC PROJECTED SUBGRADIENT METHOD

Section 23. Stochastic Projected Subgradient Method

3.68. Motivation: Consider the problem
(P) : min f(x)

zeC

where

e f is convex, Isc, and proper;

C Cint(dom(f)) is non-empty, closed, and convex;
o S:=argmin, . f(z) # &;
p = min f(C).

3.69. Recap: Recall the update rule of the projected subgradient method,

Tpg1 < PC(xn - tnf/(xn))

where f'(z,) € 0f(z,) is a subgradient of f at x,.

3.70. Note (SPSM): Given z( € C, update via
Tps1 = Po(x, — tagn).
As before, we have the following assumptions on t,,’s:

e V/neN:t,>0;

o > yln — 00;

o Zizoh a5k 0
Zzzotk )

For example, we may take ¢, = a/(n + 1) for some a > 0.
3.71. (Cont’d): Choose g, to be a random vector such that the following assumptions
are satisfied:

e “Unbiased subgradient”: The conditional expectation of g, given x, is a subgradient
of f at x,.

Vn € N: Elg, | z.] € 0f(z,);
or equivalently,
Vy € R™ 2 f(zn) + (Elgn | 2nl,y — 2n) < f(y)-
e “Boundedness”:

3L > 0,Yn € N : E[||gn|* | z.] < L.

We now show why these assumptions are useful.
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3.72. Theorem: Assuming the previous assumptions on t, and g, hold. Then

Elpr) = as  k— oo,

where py := min{ f(zo), ..., f(xx)} > u.
Proof. Let s € S and n € N. Then

0 < [lwar — s> = [ Po(za — taga) — Pos|® seScC

< (@0 — taga) — sl

=< |[(zn = 5) = tngn

= 2w = 8)1* = 2t5 {gn, 20 — 5) + t3]lgn

I

1.
Taking the conditional expectation given x,, yields
EllJznrr = slI* | 2] < [lon = slI* + 2t (Elgn | 2, s — 20) + GE[[lgall* | 2]
< lwn — 8| 4+ 2t (f(s) — fl,)) + 2 L2 Assumptions 1 & 2
= llzn = slI* + 2t (1 — f(20)) + L%
Taking the expectation wrt z,, yields (x):
EllJznr1 = slI°] < Efllzn — s[|*] + 2ta(p — E[f (z4)]) + £, L%
Let k € N. Summing Z::o(*) and cancelling duplicate terms yields

k k
0 < Efl|zns1 — sl < llwo = sl =2 ta(E(f(2)) — p) + LY 13
n=0

n=0

Hence,

N —

<||900 —s*+L* Zlﬁ) > ta(E[f(za)] - p)

>0 f(n) > e > .
Therefore, by assumption on t,, we have

sl 2 k 12
lzo = sI” + E”ZO"—>O as k — oo.

2% g tn

0 <E[m] —p <
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24. DuALiTY: THE FENCHEL DUALITY

Section 24. Duality: The Fenchel Duality

3.73. Motivation: Let f,g: R™ — (—o0, 00| be convex, Isc, and proper. Consider
(P): min f(a) + g(a) = min {f(z) +g(:) 52 = 2}
Construct the Lagrangian
L(z,zy) := f(x) +9(2) + {y, 2 — x) .
The dual objective function is obtained by minimizing the Lagrangian wrt x and z:
d(u) := inf L(z, z; u)
= inf{f(z) = (u, ) + 9(2) + (u, 2)}
= — sup {(u, z) — f(x)} — sup {(-u,z) —g(2)}
reR™ z€R™
= —f"(u) = g"(—u).
We obtain the Fenchel dual problem
(D) : max(—f*(u) - g"(—u)) = min (f*(u) + g"(~u)).

ueR™

Define the primal and dual optimal values as
p:= mf f(z)+g(z)
d:= inf f*(u)+ g"(—u)

ueR™

Recall that p > —d from assignments.

3.74. Note (The Fenchel-Rockafeller Duality): Let f : R™ — (—o00,00], g : R" —
(—00,00] be convex, lsc, and proper. Let A € R™™_ or equivalently, A : R™ — R".
Consider the following problem and its Fenchel-Rockafeller dual:

(P): min f(z) + g(Az)
(D) : min f*(=ATy) + g*(y).

yeR”

As before, define p and d as the optimal primal and dual values. We know that p > —d.

3.75. Lemma: Let h : R™ — (—o0, 00| be convez, lsc, and proper. Set
Ve e R™: h'(x) = h(—x).
The the following hold:

e h' is convex, lsc, and proper.
e Oh? = —0ho (—I1d).
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Proof. Clearly, dom(h") = —dom(h), so dom(h") # @. Moreover, —oco € h(R™) =
h(—R™) = h*(R™) so h is proper. Now let x,, — Z (and so —x, — —Z). Observe that

liminf A°(z,) = liminf h(—x,) > h(—Z) = h"(Z)
n—oo

n—oo
where >, follows from the fact that A is Isc. This proves that h" is Isc. Finally, let z,y €
dom(h’) and X € (0,1). We have
R*(Az + (1 — Ny) = h(=Xz — (1 — \)y)
= h(A(=z) + (1 = A)(=y))
S A=) + (1 = Nh(-y)
= AR%(2) + (1 — N)R%(y)
It follows that A" is convex. For the second claim, u € R™ and x € dom(dh o (—Id)). Then
u € —0ho (—1d)(z) = —0f(—x) <= —u € Oh(—x)
< Vy € R™ : h(y) > h(—z) + (—u,y — (—2))
<~ Vy e R™: h(—y) > h(—x) + (—u, —y + )
< Vy e R™: h¥(y) > h*(z) + (u,y — x)
<= u € 0h’(x)
U

3.76. Note: We now show that DR is a self-dual method. Recall that the DR operator
to solve (P) is defined as

1
T, := 1d — prox; + prox, Ry = §(Id + R,Ry),
where Ry = 2prox; — Id. The DR operator to solve (D) is defined as

1
Ta = 1d — prox . + prox gy, Ry = §(Id + Rgeyw Ry ).

3.77. Lemma: Let h : R™ — (—o00, 00| be convez, Isc, and proper. The following hold:
® prox,, = —prox, o (—Id)
[ ] Rh* = —Rh
[ R(h*)v = Rh o (—Id)
Proof. For (i), recall that prox; = (Id + df)~" as well as Oh* = —0h o (—1d),

Pzt = (Id + onv) ™!
= (Id + (=1Id)) 0 Oh o (—1d))™*
= ((~Id) o (Id + 8h) o (—1d))~*
= (=Id)"*(Id + 0h) ' o (=Id)!
= — Prox;, o(—1d)
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For (2), we expand the definition of Rj«:
Rh* = QPTOXh* —Id
= 2 (Id — Prox,) — Id A4
= 2Id — 2 Prox;, —Id
= Id — 2 Prox;, = —(2Prox;, —1d) = —Rj,.

For (3), first note that
PIOX (j+y0 = —Proxy,. o (—Id) (i)
= —(Id — prox;,) o (—1d) A4
= —Id o (—Id) + prox,, o (—Id)
= prox; o (—Id) + Id
= (prox, —1d) o (~1d)

Therefore,
Rpryr = 2prox ey — Id
= 2(prox;, — Id) o (—Id) — Id
= (2prox; — 2Id + Id) o (—Id)
= (2prox;, — Id) o (—Id) = Ry, o (—1d)

0J
3.78. Theorem: T, =1T;.
Proof. By previous lemma,
1
Td = 5 (Id —|— R(g*)va*)
1 1
=5 d+[Ryo (=Id)] o (=y)) = 5 (Id+ RyRy) =T,
0J

3.79. Theorem: Let xo € R™. Update via
Tpy1 1= T — PIOX 4 (Ty) + Prox, (2prox ¢ (r,) — x,) = T,1,.
Then

® prox,(r,) converges to a minimizer of f + g,
e 1, — prox;(x,) converges to a minimizer of f* + (g*)".

Proof. We already know that prox;(z,) converges to a minimizer of f + g. Since T, = Ty,
prox . (z,) converges to a minimizer of f* + (¢*)". Using the fact that prox,. = Id — prox;,

we conclude the proof. O
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